THE X-THEORY OF FREE QUANTUM GROUPS 
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Abstract. In this paper we study the /C-theory of free quantum groups in the 
sense of Wang and Van Daele, more precisely, of free products of free unitary 
and free orthogonal quantum groups. We show that these quantum groups 
are /f-amenable and establish an analogue of the Pimsner-Voiculescu exact 
sequence. As a consequence, we obtain in particular an explicit computation 
of the if-theory of free quantum groups. 

Our approach relies on a generalization of methods from the Baum-Connes 
conjecture to the framework of discrete quantum groups. This is based on the 
categorical reformulation of the Baum-Connes conjecture developed by Meyer 
and Nest. As a main result we show that free quantum groups have a 7-element 
and that 7 = 1. 

As an important ingredient in the proof we adapt the Dirac-dual Dirac method 
for groups acting on trees to the quantum case. We use this to extend some 
permanence properties of the Baum-Connes conjecture to our setting. 



1. Introduction 

A classical result in the theory of C*-algebras is the computation of the K- 
theory of the reduced group C* -algebra C* (F„) of the free group on n generators by 
Pimsner and Voiculescu Their result resolved in particular Kadison's problem 
on the existence of nontrivial projections in these C*-algebras. More generally, 
Pimsner and Voiculescu established an exact sequence for the X-theory of reduced 
crossed products by free groups [3T] , [32] . This exact sequence is an important tool 
in operator X-theory. 

The iiT-theory of the full group C*-algebra Cf*(F„) was calculated before by Cuntz 
in a simple and elegant way, based on a general formula for the K-iheoiy of free 
products Motivated by this, Cuntz introduced the notion of X-amenability for 
discrete groups and gave a shorter proof of the results of Pimsner and Voiculescu 
[TP] , The fact that free groups are _?C-amenable expresses in a conceptually clear 
way that full and reduced crossed products for these groups cannot be distinguished 
on the level of X-theory 

The main aim of this paper is to obtain analogous results for free quantum groups. 
In fact, in the theory of discrete quantum groups, the role of free quantum groups 
is analogous to the role of free groups among classical discrete groups. Roughly 
speaking, any discrete quantum group can be obtained as a quotient of a free 
quantum group. Classically, the free group on n generators can be described as the 
free product 

F„ = Z * • • • * Z 

of n copies of Z. In the quantum case there is a similar free product construction, 
but in contrast to the classical situation there are different building blocks out of 
which free quantum groups are assembled. More precisely, a free quantum group is 
of the form 

¥U{Pi) ¥U{Pk) * FO(Qi) >(=••• * ¥0{Qi) 
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for matrices Pi G GL,n.{C) and Qj G GLnj{C) such that QjQj — ±1. Here 
we denote by ¥U{P) and ¥0{Q) the free unitary and free orthogonal quantum 
groups introduced by Wang and Van Daele [3T], [57]. The special case I = and 
Pi = • • • = Pfc = 1 G GLi(C) of this family reduces to the classical free group 
on k generators. 

In order to explain our notation let us briefly review some definitions. Given 
a matrix Q G GLn(C), the full C*-algebra of the free unitary quantum group 
¥U{Q) is the universal C*-algebra Cf {VU{Q)) generated by the entries of an n x n- 
matrix u satisfying the relations that u and QuQ~^ are unitary. Here u denotes 
the matrix obtained from u by taking the transpose of its adjoint. The full C*- 
algebra Cf{¥0{Q)) of the free orthogonal quantum group ¥0{Q) is the quotient 
of Cf*(Ff/(Q)) by the relation u = QuQ-^. Finally, the full C*-algebra of the free 
product G * H oi two discrete quantum groups G and H is the unital free product 
C;(G *H) = C^{G) * C^{H) of the corresponding full C*-algebras, see [3l]. That 
is, the full C*-algebra of a free quantum group as above is simply the free product 
of the C*-algebras C^(FU{Pi)) and C;(FO(Qj)). 

We remark that one usually writes G^(¥U{Q)) = A^iQ) and C;(FO(Q)) = AoiQ) 
for these C*-algebras, compare 4 . Following 30 , we use a different notation in or- 
der to emphasize that we shall view Au{Q) and Ao{Q) as the full group C*-algebras 
of discrete quantum groups, and not as function algebras of compact quantum 
groups. 

The approach to the i^-theory of free quantum groups in this paper is based on 
ideas and methods originating from the Baum-Connes conjecture [S], [5]. It relies in 
particular on the categorical reformulation of the Baum-Connes conjecture devel- 
oped by Meyer and Nest ^18) . In fact, our main result is that free quantum groups 
satisfy an analogue of the strong Baum-Connes conjecture. The precise meaning of 
this statement will be explained in section [51 along with the necessary preparations 
from the theory of triangulated categories. Together with the results of Banica on 
the representation theory of free quantum groups [3], [1], the strong Baum-Connes 
property implies that every object of the equivariant Kasparov category KK'^ for 
a free quantum group G has a projective resolution of length one. Based on this, 
we immediately obtain our Pimsner-Voiculescu exact sequence by invoking some 
general categorical considerations 117] . As a consequence we conclude in particular 
that the reduced C* -algebras of unimodular free quantum groups do not contain 
nontrivial idempotents, extending the results of Pimsner and Voiculescu for free 
groups mentioned in the beginning. 

This paper can be viewed as a continuation of [35!: where the Baum-Connes con- 
jecture for free orthogonal quantum groups was studied. Our results here rely on 
the work in [30| on the one hand, and on geometric arguments using actions on 
quantum trees in the spirit of [29; on the other hand. 

To explain the general strategy let us consider first the case of free unitary quantum 
groups G = ¥U{Q) for Q G G'L„(C) satisfying QQ = ±1. It was shown by Banica 
[3] that ¥U{Q) is a quantum subgroup of the free product ¥0{Q) * Z in this case. 
Since both ¥0{Q) and Z satisfy the strong Baum-Connes conjecture [50]) [Hji it 
suffices to prove inheritance properties of the conjecture for free products of quan- 
tum groups and for suitable quantum subgroups. In the case of free products we 
adapt the construction of Kasparov and Skandalis in |13j for groups acting on trees, 
and this is where certain quantum trees show up naturally. An important difference 
to the classical situation is that one has to work equivariantly with respect to the 
Drinfeld double D(G) of G. 

The quantum group ¥U{Q) associated to a general matrix Q G GL„(C) does not 
admit an embedding into a free product as above. As in [30] we use an indirect 
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argument based on the monoidal equivalences for free quantum groups obtained by 
Bichon, de Rijdt, and Vaes [1;. This allows us to reduce to matrices Q G GLii^), 
and in this case one may even assume QQ = ±1 without loss of generality. We 
might actually restrict attention to 2 x 2-matrices throughout, however, this would 
not simplify the arguments. 

Let us now describe how the paper is organized. In section [2] we collect some 
preliminaries on quantum groups and fix our notation. Section [3] contains basic 
facts about quantum subgroups of discrete quantum groups and their homogeneous 
spaces. In section 2] we introduce and discuss the notion of a divisible quantum 
subgroup of a discrete quantum group. This concept appears naturally in the con- 
text of inheritance properties of the Baum-Connes conjecture. Roughly speaking, 
divisible quantum subgroups are particularly well-behaved from the point of view 
of corepresentation theory. In section [S] we define the Dirac element associated to a 
free product of discrete quantum groups acting on the corresponding quantum tree. 
Moreover we define the dual Dirac element and show that the resulting 7-element 
is equal to the identity. In section |6] we review the approach to the Baum-Connes 
conjecture developed by Meyer and Nest. We explain in particular the categorical 
ingredients needed to formulate the strong Baum-Connes property in our context. 
Then, using the considerations from section [5] and [30j, we prove that free quantum 
groups have the strong Baum-Connes property. Finally, in section [7] we discuss the 
main consequences of this result. As indicated above, we derive in particular the 
i^T-amenability of free quantum groups and establish an analogue of the Pimsner- 
Voiculescu sequence. 

Let us make some remarks on notation. We write L(£) for the space of adjointable 
operators on a Hilbert A- module E. Moreover ¥d£) denotes the space of compact 
operators. The closed linear span of a subset X of a Banach space is denoted by 
\X\. Depending on the context, the symbol ® denotes either the tensor product of 
Hilbert spaces, the minimal tensor product of C*-algebras, or the tensor product of 
von Neumann algebras. We write for algebraic tensor products. For operators on 
multiple tensor products we use the leg numbering notation. If A and B are unital 
C*-algebras we write A* B for the unital free product, that is, the free product of 
A and B amalgamated over C. 

We would like to thank G. Skandalis for helpful comments. 

2. Preliminaries on quantum groups 

In this section we recall some basic definitions concerning quantum groups and 
their actions on C*-algebras. In addition we review the definition of the Drinfeld 
double and the description of its actions in terms of the underlying quantum group 
and its dual. For more information we refer to [T], [H], [T3], [53], [33]. Our notation 
and conventions will mainly follow [12], [30] . 

Let be a normal, semifinite and faithful weight on a von Neumann algebra M. 
We use the standard notation 

A^J ^ {x e M+\(l){x) < 00}, {x e M\(j){x*x) < 00} 

and write M+ for the space of positive normal linear functionals on M. If A : Af — >■ 
M (E) M is a, normal unital *-homomorphism, the weight (jj is called left invariant 
with respect to A provided 

(j){{u} «) id)A(2:)) = (j){x)uj{l) 
for all x G A^J and ui e A/+. Similarly one defines right invariant weights. 

Definition 2.1. A locally compact quantum group G is given by a von Neumann 
algebra L°°{G) together with a normal unital *-homomorphism A : L°°{G) — )■ 



4 



ROLAND VERGNIOUX AND CHRISTIAN VOIGT 



L°° (G) ® L°° (G) satisfying the coassociativity relation 

(A (g) id)A = (id (giA)A 

and normal semifinite faithful weights (j) and ip on L°° (G) which are left and right 
invariant, respectively. 

If G is a locally compact group, then the algebra L°°{G) of essentially bounded 
measurable functions on G together with the comultiplication A : L°°{G) — >■ 
i°°(G) (8)i°°(G) given by 

A{f){sJ.) = fist) 

defines a locally compact quantum group. The weights ^ and tp are given in this 
case by left and right Haar measures on G, respectively. Of course, for a general 
locally compact qiiantum group G the notation L°°{G) is purely formal. 
An important tool in the study of locally compact quantum groups are multiplica- 
tive unitaries. If A : N4, — >■ Hg = L'^{G) is a GNS- construction for the weight (j), 
then the multiplicative unitary Wq = W \s the operator on Mq Mq given by 

Ty*(A(/) ® K{g)) = (A A)(A(5)(/ ® 1)) 

for all f,g G N^,. This unitary satisfies the pentagonal equation W12W1SW23 = 
W23W12, and one can recover the von Neumann algebra L°°{G) as the strong closure 
of the algebra (id 0L(]HIg)*)(W) where L(]HIg)* denotes the space of normal linear 
functionals on L(EIg). Moreover one has 

Aif) = W*{l(g) f)W 

for all / G L°°{G). Let us remark that we will only consider quantum groups G for 
which Mg = L^{G) is a separable Hilbert space. 

The group- von Neumann algebra C{G) of the quantum group G is the strong closure 
of the algebra {h{MG)*®id){W) with the comultiplication A : £(G) L{G)®C{G) 
given by 

A(.t) = W*{l®x)W 
where W = and E e L(ef; (g) Hg) is the flip map. It defines a locally 

compact quantum group G which is called the dual of G. The left invariant weight 
(j) for the dual quantum group has a GNS- construction A : A/^ — )• Hg, and according 

to our conventions we have C{G) = L°°{G). 

The reduced G*-algebra of functions on the quantum group G is 

G^(G) = [(id(gL(HG)*)(I^)] C L°°(G), 
and the reduced group G*-algebra of G is 

g;(g) = [(l(Hg)* (gid)(iy)] c (G). 

Moreover we have W G M{Cq(G) (g) C*{G)). Together with the comultiplications 

inherited from L°°{G) and C{G), respectively, the G*-algebras Go(G) and C*{G) 
are Hopf-G*-algebras in the following sense. 

Definition 2.2. A Hopf G* -algebra is a G* -algebra S together with an injective 
nondegenerate *-homomorphism A : S ^ M{S (g) S) such that the diagram 

S ^ M{S (g) S) 

id (g)A 

M{S (g S) M{S (E)S(E)S) 

is commutative and [A(S')(1 (g 5)] = 5 (g 5 = [(5 (g l)A(S')]. 

A morphism between Hopf-C* -algebras {S,As) and {T,At) is a nondegenerate *- 
homomorphism tt : 5 — >■ M{T) such that At tt = (tt (g 7r)A5. 
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If 5 is a Hopf C*-algebra we write 5*^°^ for S viewed as a Hopf C*-algebra with 
the opposite coproduct A'^°p = ctA, where a denotes the flip map. 
We are mainly interested in discrete or compact quantum groups, and in these cases 
the general theory simplifies considerably. A quantum G is called compact if Cq(G) 
is unital, and it is called discrete if C*{G) is unital. We note that G is compact 
iff G is discrete, and vice versa. For a discrete quantum group G we will write 
P{G) — Mo for the Hilbert space associated to G. 

Definition 2.3. Let B be a G* -algebra. A unitary corepresentation of a Hopf-G*- 
algebra S on a Hilbert B-module £ is a unitary X G L(S' £) satisfying 

(A(»id)(X) =Xi3X23. 

If 5* = C* (G) for a locally compact quantum group G and X is a unitary corep- 
resentation of S* on f we say that £ is a unitary corepresentation of G. If G is 
discrete, all unitary corepresentations of G on Hilbert spaces are completely re- 
ducible, and all irreducible corepresentations are finite dimensional. We will write 
Corep(G) for the corresponding semisimple G*-tensor category of finite dimensional 
corepresentations. Moreover we denote by Irr(G) the set of equivalence classes of 
irreducible corepresentations of G in this case. 

If 5* is a Hopf-G* -algebra, then a universal dual of 5 is a Hopf-G*-algebra S to- 
gether with a unitary corepresentation X G M{S ® S) satisfying the following uni- 
versal property. For every Hilbert i?-module £ and every unitary corepresentation 
X G L(S'cg)5) there exists a unique nondegenerate *-homomorphism ttx : S I^{£) 
such that (\d®'Kx){X) = X. 

Every locally compact quantum group G admits a universal dual Gf{G) of Go(G) 
and a universal dual Gq{G) of G*{G), respectively [Ij- In general, we have a 
surjective morphism tt : Gf (G) — >■ G*{G) of Hopf-G*-algebras associated to the 
multiplicative unitary W G M(Go(G) ® G*{G)). Similarly, there is a canonical 
surjective morphism n : Gq{G) Gq{G). Every discrete quantum group G is coa- 
menable in the sense that tt is an isomorphism. We will simply write Go(G) for 
Gj(G) = G'oiG) in this case. 

If G is a discrete quantum group, then inside G*{G) we have the dense Hopf-*- 
algebra C[G] spanned by the matrix coefficients of all finite dimensional unitary 
corepresentations of G*(G), and inside Go(G) we have a dense multiphcr Hopf-*- 
algebra Gc(G) in the sense of Van Daele More precisely, the space of matrix 
coefficients C[G] can be identified with a dense linear subspace E of P{G), and 
the algebras C[G] C G*{G) and Gc{G) C Go(G) are obtained from the elements 
w G L(EIg)* associated to vectors from C Hg = ^^(G). If / G Gc(G) and 
X G C[G] are represented by Lf,Lx G L(/^(G))* in the sense that {iA®Lf){W) = f 
and {Lx ® id)(M^) = then we obtain a well-defined bilinear pairing 

(/, x) = (x, /) = [L, ® Lf){W) = Lf{x) = L,{f) 

between Gc{G) and C[G], see definition 1.3 of [IJ. It is easy to check that the 
product of C[G] is dual to the coproduct of Gc(G), whereas the product of Gc(G) is 
dual to the opposite coproduct of C[G]. In other terms, we have for all f,g€ GdG) 
and x,y G C[G] the relations 

{f,xy) = {f(i),x){f(^2),y) and {fg,x) = {f,x^2)){g,X(^i)) 

where we use the Sweedler notation A(/) = /(i) /(2) and A(x) = ^(i) X(2) for 
the comultiplications on Gc{G) and C[G] induced by W as above. We point out 
that this notation has to be interpreted with care, let us remark in particular that 
the coproduct A(/) of an element / of the multipher Hopf *-algebra Gc(G) can be 
represented only as an infinite sum of simple tensors in general. 
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At several points of the paper we will consider free products of discrete quantum 
groups. If G and G are discrete quantum groups the free product G * H \s the 
discrete quantum group determined by Cf (G * H) = Cf{G) * Cf*(iJ), equipped 
with the comultiplication induced from the two factors in the evident way, see |31) 
for more information. The irreducible corepresentations oi G * H are precisely the 
alternating tensor products of nontrivial irreducible corepresentations of G and H. 
We may therefore identify \rr{G*H) with the set Irr(G') * lrr(_ff ) of alternating words 
in Irr(G) and Irr(iJ). 

We are mainly interested in the free unitary and free orthogonal quantum groups 
introduced by Wang and Van Daele [3T], [57]. These discrete quantum groups are 
most conveniently defined in terms of their full group C'*-algebras. For a matrix 
u — (uij) of elements in a *-algebra we write u — {u*j) and u* = (uji) for its 
conjugate and transposed matrices, respectively. 

Definition 2.4. LetneN and Q G GL„(C). The group C* -algebra C;{¥U(Q)) of 
the free unitary quantum group ¥U{Q) is the universal G* -algebra with generators 
Uijjl < i, j < n such that the resulting matrices u and QuQ^^ are unitary. The 
comultiplication A : G^{¥U{Q)) G^{¥U{Q)) ® G^(¥U{Q)) is given by 



^{"^ij) = Wife ® Ukj 



k=l 



on the generators. 



As explained in the introduction, we adopt the conventions in |30j and deviate 
from the standard notation Au{Q) for the G*-algebras Cf {¥U{Q)). Let us also 
remark that there is a canonical isomorphism G*(F;7(Q))^°p = Cf{¥U{Q*)) for aU 
Q G GL„(C). 

Definition 2.5. Let Q G GL„(C) such that QQ — ±1. The group C* -algebra 
Cf{¥0{Q)) of the free orthogonal quantum group ¥0(Q) is the universal C* -algebra 
with generators Uij, 1 < «, J < n such that the resulting matrix u is unitary and the 
relationu — QuQ~^ holds. The comultiplication of the generators is given by the 
same formula as in the unitary case. 

We remark that the free quantum groups ¥0{Q) for Q G GL2(C) exhaust up to 
isomorphism precisely the duals of SUq{2) for q G [— 1, 1] \ {0}. 
If (5 S GL„(C) is arbitrary the above definition of ¥0{Q) still makes sense. How- 
ever, in this case the fundamental corepresentation u is no longer irreducible in 
general. According to [37, the quantum group ¥0{Q) can be decomposed into a 
free product of the form 

¥0{Q) = ¥U{Pi) * • • • * ¥U{Pk) * ¥0{Qi) ¥0{Qi) 

for appropriate matrices Pi and Qj such that QjQj = ±1 for all j. In this way the 
study of ¥0{Q) for general Q reduces to the above cases. 

Let us now fix our notation concerning coactions on G*-algebras and crossed prod- 
ucts. 

Definition 2.6. A (continuous, left) coaction of a Hop f G*- algebra S on a G*- 
algebra A is an injective nondegenerate *-homomorphism a : A AI(S (E> A) .such 
that the diagram 

A ^ M{S ® A) 

A(8id 

M{S A) '-^^ M{S (E)S(^A) 
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is commutative and [a{A){S (iSi 1)] — S ® A. 

If {A, a) and {B,l3) are C* -algebras with coactions of S , then a *-homomorphism 
/ : A — > M{B) is called S-colinear, or S-equivariant, if Pf = (id(g)/)a. 

A C*-algebra A equipped with a continuous coaction of the Hopf-C*-algebra S 
is caUed an S'-C*-algebra. If S* = Cq{G) for a locaUy compact quantum group G 
we say that A is G-C*-algebra. In this case 5'-colinear *-homomorphisms wih be 
cahed G-equivariant or simply equivariant. 

If G is a discrete quantum group it is useful to consider algebraic coactions as well. 
Assume that A is a *-algebra equipped with an injective *-homomorphism a : A ^ 
MiCc{G)QA) such that (Gc(G) l)a(A) = Gc(G)0A and (A0id)a = (id0a)a. 
Here A^(Gc(G) A) is the algebraic multiplier algebra of Gc(G) A, see [25]. In 
this case we say that A is a G-algebra, and we refer to a as an algebraic coaction. 
If A is a G-algebra we have a left C[G]-module structure on A given by 

a; • a = (a(_i),5(a;))a(o) 

where a{a) — a(-i) a(o) is Sweedler notation for the coaction on A and S is the 
antipode of C[G]. This action turns A into a C[G]-module algebra in the sense that 

X ■ (ab) = (a;(i) • a)(x(2) ■ b), x ■ a* = {S{x)* ■ a)* 

for all X e C[G] and a,b G A. 

Similarly, we may associate to an algebraic coaction 7 : A — !• 7W(C[G] A) a left 
Gc (G)-module structure on A given by 

/ . a = (/,a(_i))a(o) 

where 7(a) — a(-i) a(o)- This turns A into a Gc(G)-module algebra. We will 
study coactions in this way at several points below. 

Let us next recall the definition of reduced crossed products. If G is a locally 
compact quantum group and A is a G-G*-algebra with coaction a, the reduced 
crossed product G A~ G*{GY°'' A is defined by 

Gk,A^ G;(G)=°p k,A^ [(G;(G) l)a{A)] c M{K{l^{G)) A). 

The crossed product G A is naturally a G*(G)™P-G*-algebra with the dual coac- 
tion a:GK,A^ M{G;{GY°^ (G A)) determined by a{x 1) = A"P(a;) 1 
for X e G*{G) and a{a{a)) = 10 a{a) for a e A. 

Apart from the reduced crossed product G v.^ A one also has the full crossed prod- 
uct G Kf A = Cf(GY°'^ Kf A which is defined by a universal property. There is a 
canonical map GKfA— >GK|.A, and this map is an isomorphism if G is amenable. 
We refer to [12] for more details. 

Finally, let us recall the definition of the Drinfeld double of a locally compact 
quantum group G, see [5]. The Drinfeld double D(G) of G is a locally compact 
quantum group such that the Hopf G*-algebra GQ(D(Gg)) is given by Gg(D(Gq)) = 
Go(G) G*(G) with the comultiplication 

Ad(g,) ^ (id 00- id)(id 0ad(I^) id)(A A), 

here ad(iy) is conjugation with the multiplicative unitary W G Af (Go(G) G* (G)) 
and a denotes the flip map. 

It is shown in PJIj that a D(G)-G*-algebra A is uniquely determined by coactions 
a: A~^ M{C[,{G) ^) and 7 : A -> Af (G;(G) A) satisfying the Yetter-Drinfeld 
compatibility condition 

(cr id) (id 0a)7 = (ad (W) id) (id 07)0. 

In a similar way on can study D(G)-equivariant Hilbert modules. 
The Drinfeld double plays an important role in the definition of braided tensor prod- 
ucts. If A is a D(G)-G*-algebra determined by the coactions a : A ^ M (Gq(G)0A) 
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and 7 : A -> M{C*{G) ® A) and B is G-C*- algebra with coaction (3 : B ^ 
M{Cq{G) ® B), then the braided tensor product of A and B is defined by 

A^B = A^G B = [7(^)12^(5)13] C L(Hg (E)A(g)B). 

The braided tensor product is naturally a G-C*-algebra, and it is a natural replace- 
ment of the minimal tensor product of G-C*-algebras in the group case, see [TH] for 
more information. 

We will be interested in the case that G is a discrete quantum group and work with 
D(G)-G*-algebras obtained from algebraic actions and coactions. More precisely, in 
the algebraic setting we have a pair of algebraic coactions a : A ^ A4{Cc{G) A) 
and 7 : A — J> 7W(C[G] A), and the Yetter-Drinfeld condition can be written as 

/(i)a(_i)5'(/(3)) /(2) • a(o) = (/ • a)(_i) (/ • a)(o) 

in this case. Here we denote by / -a the action of / G Gc(G) ona E A corresponding 
to the coaction 7 and a{a) = (i(-i) a(o)- 

3. Quantum subgroups of discrete quantum groups 

In this section we collect some basic constructions related to quantum subgroups 
of discrete quantum groups. The general concept of a closed quantum subgroup of 
a locally compact quantum group is discussed in [53] , [3S] . 

A morphism 7? — > G of locally compact quantum groups is a nondegenerate *- 
homomorphism tt : Gj(G) — ?► M{Cq{H)) compatible with the comultiplications. 
For every such morphism there exists a dual morphism tt : Cf{H) — >■ M{C^{G)). 
By definition, a closed quantum subgroup -ff C G of a locally compact quantum 
group G is a morphism iJ — > G for which the associated map Gf{H) M{C^{G)) 
is accompanied by a compatible unital faithful normal *-homomorphism [H) (G) 
of the von Neumann algebras [23], [3S]. 

In the case of discrete quantum groups we will simply speak of quantum subgroups 
instead of closed quantum subgroups. In fact, in this case the above definition can be 
rephrased purely algebraically. Let G be a discrete quantum group and let iJ C G be 
closed quantum subgroup. Then H is automatically discrete, and the corresponding 
map i : {H) (G) induces an injective *-homomorphism C[i?] C[G] of Hopf- 
*-algebras. Conversely, if H and G are discrete, every injective homomorphism 
L : C[i/] — > C[G] of Hopf-^-algebras extends uniquely to a unital faithful normal 
*-honiomorphism on the von Neumann algebra level, and thus turns H into a 
quantum subgroup of G. 

If C G is a quantum subgroup of the discrete quantum group G, then the 
category Corep(i/) is a full tensor subcategory of Corep(G) containing the trivial 
corepresentation and closed under taking duals. In fact, quantum subgroups of 
G can be characterized in terms of such subcategories, see for instance [55]. The 
G*-algebra Cq{H) is obtained as the sum of matrix blocks in Go(G) corresponding 
to corepresentations in \rr{H), and the map tt : Go(G) Co{H) C M{Cq{H)) is 
the canonical projection. 

We will need some basic facts concerning homogeneous spaces and induced G*- 
algebras for discrete quantum groups. The general theory of induced coactions for 
locally compact quantum groups is due to Vaes [U; and it is technically quite 
involved. However, in the discrete case the constructions that we need can be 
described more directly. We start with some elementary algebraic considerations. 
For a discrete quantum group G we denote by G(G) the algebra A^(Gc(G)) of 
algebraic multipliers of Gc(G). Heuristically, the elements of G(G) can be viewed 
as functions with arbitrary support on G. The canonical bilinear pairing between 
Gc(G) and C[G] extends uniquely to a bilinear pairing between G(G) and Gc(G), 
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and in this way we obtain a natural identification of C (G) witli tlie algebraic dual 
space C[G]*. We write again (/, x) = (x, /) for / e Cc{G) and x G C[G]. 

Definition 3.1. Let H he a quantum subgroup of a discrete quantum group G. The 
algebra of all functions on the homogeneous space G/H is 

C{G/H) = {/ e C{G) I (id07r)A(/) = / 1} 

where tt : C{G) —> G{H) is the canonical projection map. Moreover we define 

C[G/H] = C[G] QciH] C 

where C[H] acts via i : C[-ff] — > C[G] on C[G] and via the counit on C. 

Let T : C[G] 'C[G/H] be the canonical projection given by t{x) = x 1. 
The transpose of r induces an injective linear map C[G/i?]* C[G]* = C{G). 
Moreover tt is the transpose of l in the duality between G(G) and C[G]. Hence for 
/ e C{G/H),x £ C[G] and y e C[ff] we obtain 

(/, XLiy)) = (A(/), a; i{y)) = ((id 07r) A(/), x Q y) = {f & l,x & y) ^ {f, xe{y)) 

and conclude that / is contained in C[G/H]*. An analogous argument shows that 
every / £ C[G/H]* satisfies the invariance condition defining C{G/H). In other 
words, we may identify C[G/H]* C C[G]* with G{G/H) C G(G). Note also that 
the comultiplication of C[G] induces a natural coalgebra structure on <C[G/ H]. 
Let Corep(if) C Corep(G) be the full tensor subcategory corresponding to the 
inclusion H C G. For an irreducible corepresentation r G Irr(G) we denote by 
C[G]r C C[G] the linear subspace of matrix coefficients of r. By definition of the 
tensor product we have 

C[G],-C[G], = C[G]t 

for r, s G Irr(G). Moreover if r0s = t is already irreducible, then the multiplication 
map defines an isomorphism C[G]r Q C[G]s = C[G]f . 

In [2H], an equivalence relation on Irr(G) is defined by setting r ^ s iff r 0s contains 
an element t G \rr{H). Equivalently, r s iff s C r t for some t G \rr{H). We 
denote by \rr{G)/\rr{H) the corresponding quotient space, so that the class [r] of 
r G Irr(G) is the set of isomorphism classes of irreducible subobjects of tensor 
products r i with t G \rr{H). 

For a G lrr(G)/lrr(i?) let us write C[G]a the direct sum of subspaces C[G]r with 
r € a. Then C[G] is clearly the direct sum of the subspaces C[G]a over all a G 
lrr(G)/lrr(iJ), and C[G][£] = C[ff] where e is the trivial corepresentation. 
We may write G(G) as 

G(G)- II C{G)r 

relrr(G) 

where C{G)r — C[G]* is the matrix algebra corresponding to r G Irr(G). Let us 
denote by Pr G G(G) the central projection associated to the identity in G(G)r, so 
that (pr,a;) = ^t.r^{x) for x G C[G]t. For a G lrr(G)/lrr(7J) we let pa G G(G) be 
the sum of the projections Pr with r G a. By construction, the sum of the elements 
Pa over a G lrr(G)/lrr(77) is equal to 1. For a,/3 G lrr(G)/lrr(iJ) and x G C[G]/3 we 
compute (pq,x) = (5Q,^e(x) and conclude that 

(Pa,xy) = {pa,X£{y)) 

for aU X G C[G] and y G C[i7]. This implies p^ G C{G/H). 

Let ^ be an i7-algebra with coaction a : A ^ M{Cc{H)qA) in the sense explained 
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in section [5] Inside the algebraic multiplier algebra M-{Cc{G) A) we have the *- 
subalgebra 

CiG,A)= Yl CiG)rQAcM{Cc{G)GA) 

relrr(G) 

of functions with values in A C (A) . We let 

C{G,Af = {f eG{G,A) \ (p © id)(/) = (id0a)(/)} 

where p : Gc{G) M{Cc{G) Cc{H)) is the right coaction p = (id07r)A. Note 
that Pa 1 is a central element in A^(C(G', A)^) for every a G lrr(G')/lrr(iJ) in a 
natural way. In the case A = C the construction of C(G, A)^ obviously reduces to 
the algebraic homogeneous space C{G/H) defined above. 

Definition 3.2. Let G he a discrete quantum group and let H d G be a quantum 
subgroup. The algebraic induced algebra of an H-algebra A is the ^-algebra 

algindg(A)= Pc.C{G,Af 

ae\n{G)/h:{H) 

inside G{G,A)^ . 

In the case A = C with the trivial action we shall use the notation 
C,{G/H) = PaC{G/H) c C{G) 

aelrr(G)/lrr(_ff) 

for the algebraic induced algebra. We may view Cc{G/H) as the algebra of finitely 
supported functions on the homogeneous space G/H . 

Let us show that algind^(yl) becomes a G-algebra in a natural way. To this end 
let r G lrr(G'),a G lrr(G)/lrr(iJ) and consider the finite subset ra C lrr(G)/lrr(_ff) 
given by the equivalence classes of all irreducible subobjects of r 0s for some s e a. 
Note that this set is independent of the choice of s. Moreover let Pra G Cc{G/H) 
be the sum of the projections p/3 for (3 G ra. Then we have 

{pr id)A{pa) = {pr QPra)MPa)i 

and it follows that (Gc(G) 1)(A id)(algind|(A)) C Cc(G) algindg(^) inside 
A^(Gc(G) Gc(G) A). Using the antipode of Gc(G) it is straightforard to check 
that this inclusion is in fact an equality. We conclude that the map 

A id : algindg(^) ^ M{Gc{G) algind|(A)) 

is a well-defined algebraic coaction which turns algind^ {A) into a G-algebra. 
We are mainly interested in the case that A is an iJ-G*-algebra. In this situation 
we let Cb{G,A) C C{G,A) be the /°°-direct sum of the spaces G{G)t A over 
t G Irr(G). Note that Cb{G,A) is naturally contained in the multiplier algebra 
M(Go(G) 0A). 

Lemma 3.3. Let H C G be as above and let A be an H-C* -algebra. Then 
algind^(yl) is contained in Gfc(G, A). 

Proof. Clearly it suffices to show paCiG,A)" C CbiG,A) for a G lrr(G)/lrr(iJ). 
That is, for / = {ft)tea in C{G,A)" with ft G G(G)t ^ we have to show that 
||/t||tgc( is bounded. Upon replacing / by /*/ we may assume that all /* are 
positive. Consider the element 

(id0a)(/) = (p0id)(/) G n G(G), A 

rea,se\rr{H) 

Let us write ||J^||r,s for the norm of the restriction of F to G(G)r0G(G)s 0v4.. Since 
a is isometric we have ||J^||r,s < ||^||r,e — \\fr\\ for all s G \rr{H), where e denotes 
the trivial corepresentation. Next observe that we have ||(p id)(/t)||r,s — \\ft\\ 
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provided t C r (E) s. From F ~ {p (g> id)(/) and the fact that all fr are positive we 
obtain the estimate < ||F||r,s for all r G a, s G \rr{H) such that t C r ^ s. 
We conclude ||/(|| < ||F||r-,s < ll^l|r,€ — \\fr\\- This shows that ||/t|| is in fact 
independent of i, and in particular the family ||/t||tec( is bounded. □ 
Lemma 13.31 shows that the canonical projection algind^ (^) — > C{G)t A is 
injective for all t € a. Moreover we see that pa algind^(yl) is a C*-subalgebra of 
Cb{G,A) for all a € lrr(G)/lrr(i?). 

Definition 3.4. Let H <Z G be a quantum subgroup of the discrete quantum group 
G and let A be an H-C* -algebra. The induced C* -algebra ind^(A) is the closure 
o/algind|(A) inside Cb{G,A) C Af(Co(G) ® A). 

Our above considerations imply that ind^(yl) is simply the CQ-direct sum of the 
algebras Pa algind^ {A) . Moreover from the fact that algind^ {A) is a G-algebra we 
see easily that ind^(A) is a G-G*-algebra in a canonical way. 

In the case oi A = C with the trivial action we write ind^(C) = Co{G/H) for the 
induced G*-algebra. Observe in particular that Cq{G/H) is a direct sum of finite 
dimensional G*-algebras. 

Let us briefly compare definition 13.41 with the general construction of induced C*- 
algebras by Vaes [H]. 

Proposition 3.5. Let G be a discrete quantum group and let H G G be a quantum 
subgroup. If A is an H-C* -algebra then the C* -algebra ind^(A) defined above is 
G-equivariantly isomorphic to the induced G* -algebra defined by Vaes. 

Proof. It suffices to check that the C*-algebra ind^(v4) satisfies the conditions 
stated in theorem 7.2 of [23]. 

We have already remarked above that A (X) id : ind^(A) M{Cq{G) ® ind^(yl)) 
yields a well-defined continuous coaction. Consider the algebra 

i = {X e M(K(/2(G)) ® A) I X e (L°°(G)'® 1)' and {p®iA){X) = {iA®a){X)} 

used in [24 . For a G lrr(G)/lrr(_ff) and a G A we have that X{pa ® a) and 
{pa®a)X are contained in Gb{G, A) for all X ^ A. It follows that algind^(A) C A is 
strong* dense. We conclude that A ® id extends to a well-defined *-homomorphism 
A — > M(Go(G) (E) ind^(j4)) which is strictly continuous on the unit ball of A. 
Finally note that [a{A){l'^ (H) E) A)] — P{H)®A because a is a coaction. Moreover 
we have [C[G] ■P{H)] = P{G) where we consider the left action of C[G] correspond- 
ing to the regular coaction on P{G). Since we may view a{A) as a subalgebra of 
ind^(A) we obtain 

[/'(G) ®A]^ [C[G] • {P{H) ® A)] = [C[G] • {a{A){P{H) A))] 

C [C[G] • (indg(A)(/2(if) A))] C [indg(A)(/2(G) A)] 

so that ind^(y4.) C A is nondegenerate. □ 
Next we shall analyze the Hilbert space associated to the homogeneous space G/H. 
Since the Haar state for C[G] restricts to the Haar state for C[-ff] we have a canonical 
inclusion l'^(H) C /^(G). This yields a conditional expectation E : C*{G) -> C*(H) 
such that 4)E = where </> denotes the Haar state of C[G]. We have i?(C[G]r) ~ 
if r ^ lrr(_ff), and it is easily checked that 

{E ® id) A = Ai; = (id0£')A. 

Using E we define P{G/H) as the separated completion of C[G] with respect to 
the inner product 

{x,y) = eE{x*y). 
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The canonical left action of C[G] extends to a unital *-homoniorphisni Cf (G) — ?• 
1.{P{G/H)). We denote by l'^{G/H)„ the image of C[G]a in P{G/H). 
We want to show that the canonical map C[G/H] — ;> P{G/H) is injective. For 
this we will do computations in C[G] using matrix coefficients of corepresentations, 
and we will identify C{G)r — I^CHr) where Tir is the underlying Hilbert space 
of r £ Irr(G). There is a unique r G Irr(G) such that r ®r contains the trivial 
corepresentation e. We denote hy tr e ^ r ®r & morphism such that t*tr = 
dimq(r)l where dimg(r) is the quantum dimension of r. Such a morphism is unique 
up to a phase, and there is a corresponding morphism : e — >■ r (8) r such that 
{\d®s*){tr ® id) = id. We also have (s* ® \d){\d®tr) = id and s*Sr = dim,(r)l. 
That is, we can take t- = Sr and Sr = tr- For x G C[G]r and y £ C[G\r the Schur 
orthogonality relations become 

(i>{xy) = ^ , A x (8> y, SrS*) 
dimg(r) 

in our notation. 

Lemma 3.6. The canonical map C[G/H] — > P{G/H) is injective. 

Proof. If a; e C[G]r and y G C[G]s with r, s G Irr(G) in different classes modulo 
\rr{H), then x*y G CfGJr • C[G\s decomposes inside coefficients spaces C[G\t with 
t ^ \rr{H). This implies that the subspaces P{G/H)a for a G \rr{G) /\rr{H) are 
pairwise orthogonal. 

In particular it suffices to check injectivity for fixed a G lrr(G)/lrr(i/). We let r G a 

and recall that C[G/H]a = T(C[G]r) is spanned by the elements from C[G]r. Let 
y be an element of C[G]r such that eE{xy) = for every x G C[G]r. We have to 
show y = in C[G/H]. 

Let us choose a family of isometric morphisms Tj : Sj — >■ f (S) r for i = 1, . . . ,N such 
that T*Ti = 6ij and 

JV 



1=1 



is maximal such that Si G Irr(ff) for all i. This allows us to compute 



N 



eE{xy) = {E{xy),l) = {xy,p) =^{x ^y,TiT*) = {x®y,q) = {x,g), 



i=l 



where p G G(G) is the orthogonal projection corresponding to Irr(ff) C Irr(G) and 

g = {iAt^y){q) eWHr). 

For each T, we consider the morphism i?, = {id <SiT*){tr id) : r — >■ r (g) s,, and we 
define z G C[G] © C[H] by 



AT 



{z,f^h)=^{y,R*{f0h)Ri). 

i=l 

If /i denotes the multiplication of C[G], then /i(z) is obtained by decomposing ri^Si 
into irreducibles, and since r is irreducible there exists A > such that XiJ,{z) = y. 
If we write y' = (id0e)(z) G L('Hr)* = C[G]r this implies y = Xy' in C[G/H]. To 
obtain an expression for y' we compute 

N N 

® 1)R^ - ^(C^ id)(id®T,)(/ ® l){id^T*){tr^id) 



i=l 



= (t;(g)id)(/®g)(i^®id), 
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SO that (j/'j /) =t*{f® g)tr. Now we compute 

d:iu\q{r)(j){xy') = {x ® y' , s,.s*) 

= (a;, (id®i;!;)(srs* ® .g)(id(8)ir)) 

= {x,g) = eE(xy) = 0. 

for all X G C[G]-. Since (p is faithful on C[G] this yields y' = 0, and we conclude 
y = OmC[G/H]. □ 
From lemma 13.61 it follows in particular that the elements of Cc{G/H) C C{G) 
correspond to linear functionals on C[G] of the form dsix) where 

dHix){y)^eE{S{x)y). 

Indeed, an element / £ Cc{G/H) corresponds to a linear form on C[G/H] which is 
supported on a finite subset of lrr(G)/lrr(77). Hence / can be written as the scalar 
product by a vector in P{G/H). Using lemma [3761 and the fact that the spaces 
C[G]a for a G lrr(G)/lrr(iJ) are finite dimensional we obtain the claim. 
In this way we obtain a linear isomorphism dn ■ C[G/H] — > Cc{G/H). This allows 
us to define an inner product on Cc{G/H) such that dn is unitary. In the case of 
the trivial subgroup we write 

d{x){y)^$iSix)y), 

and note that d : C[G] — > CdG) is unitary with respect to the standard scalar 
products 

{x,y)^^{x*y), {f,9)^Hrg) 
on C[G] and CdG), respectively. 

It is easy to check that the comultiplication of C[G] induces a linear map A : 
C[G/H] C[G/H] C[G/H]. Using the identification CiG/H) = C[G/H]* we 
define the regular action of C{G/H) on C[G/H] by 

for / G Gc(G) and x £ C[G/H]. This action turns C[G/H] into a left C{G/H)- 
module. 

Lemma 3.7. The regular action of C{G/H) on C[G/i?] induces a faithful *- 
representation A : Cb{G/H) — >■ 'L(P'(G/H)). Under this representation all elements 
ofCoiG/H) are mapped into K{P{G/H)). 

Proof. Under the isomorphism d : C[G] Cc{G) the canonical left action of an 
element / S G(G) on Cc{G) is identified with the action X{f){x) = (/, a;(i))a;(2) on 
C[G], and we have 

mnixYy) = H^*\if){y)) 
for aU x,y e C[G]. If / £ C{G/H) C G(G) then the relation 

Hf){y)z = {f,v(i))v{2)z (/,y(i)Z(i))y(2)^(2) = Kf){yz) 

for y e C[G] and z£€[H] shows 

Since cf) is faithful on C[i?] we conclude 

E{x*\{f){y)) = E{\{f*){xry) 

for x,y e C[G], and this implies 

eE{x*\{f){y)) ^ eE{\{f*){xyy) 

for all x,y E C[G/H]. We conclude in particular that A induces *-homomorphisms 
PaC{G/H) L(;2(G/i?)a) for aU a e \rr{G)/\rr{H), and taking the direct sum 
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of these *-homoinorphisms yields the desired *-representation A : Cb{G/H) — >■ 
'L{P{G/H)). Moreover, any element of PaC{G/H) for a G \rr{G)/\rr{H) acts as a 
finite rank operator because P(G/H)a = C[G/H]a is finite dimensional. It follows 
that A maps the elements of Cq{G/H) to compact operators on l'^{G/H). 
To prove faithfulness, observe that A(/) = G L,{l^{G/H)) implies 

{f,x) = (/,a;(i)>e(ar(2)) = e{X{f){x)) = 

for all X e C[G/H] c P{G/H). Since C{G/H) identifies with the dual space of 
C[G/H] we conclude / = 0. □ 
Let us consider the left action of Cc{G) on Cc{G/H) given by 

Kfm = /(i)/i5(/(2)) 

for / e Cc{G) andhG Cc{G/H). Under the isomorphism : C[G/H] Cc{G/H) 
defined above, this action identifies with the left action of Gc{G) on C[G/H] given 
by 

"(fXx) = (/(2),S(a;(3)))a;(2)(/(i),a;(i)). 

It is straightforward to check that this induces a nondegenerate *-homomorphism 

z/: Co(G) -^h{P{G/H)). 

The G-C*-algebra Co{G/H) becomes a D(G)-C*-algebra with the adjoint coaction 
Co{G/H) ^ M{G*{G) ^ Go{G/H)) given by 

where we view Go{G/H) as a G*-subalgebra of Gb{G) C L(/2(G)). 

Lemma 3.8. The left regular action of G*{G) and the action v : Gq{G) ^• 
I^{P{G/H)) turn P{G/H) into a D{G)-Hilbert space such that the ^-representation 

A : Cq{G/H) h{P{G/H)) is covanant. 

Proof. The coaction S : f{G/H) M{Co{G)®P{G/ H)) corresponding to the left 
action of Cf*(G) on P{G/H) is given by A on Cc{G/H) c f{G/H). Using this fact 
it is straightforward to check the Yetter-Drinfeld compatibility condition and that 
A : Co{G/H) -i> h{l'^{G/H)) is covariant. □ 
Let H he a, Hilbert space with scalar product ( , ) and let S^H) C H he a 
dense linear subspace. We may view the scalar product on S{H) as a bilinear 
map ( , ) : 5(7^) x S{n) C where S{H) is the conjugate of 5(7^). That is, 
S{'H) = S{H) is the vector space equipped with the same addition but with the 
complex conjugate scalar multiplication. We let ¥{H) = SiH) S^H) he the *- 
algebra with multiplication 

(a:i ©t/i)(a;2 ©j/2) = xi{yi,X2) Qy2 

and ^-operation 

{xQy)* = yQ x. 

Note that, by slight abuse of notation, ¥{'H) depends on <S('H) and not only H. 

We may view ¥{H) as a space of kernels for certain compact operators on "H, more 
precisely, there is an injective *-homomorphism l : F(H) — >■ ]K(7^) given by 

We apply these constructions to the homogeneous space associated to a discrete 
quantum group G and a quantum subgroup H c G. In the Hilbert space P{G/H) 
we have the dense linear subspace C[G/H]. Let 7 : C[G/-ff] C[G/H] be the 
linear map given by j{x) = S{x)*. It is easy to check that 7 is a well-defined linear 
isomorphism. 

We may therefore identify the algebra ¥{P{G/H)) with C[G/H] © C[G/H]. The 
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actions of C[G] and CdG) on K(P(G'/i/)) induced from the Yetter-Drinfeld struc- 
ture of P{G/H) preserve ¥{P{G/H)), and correspond to the diagonal actions on 
C[G/H]gC[G/H]. 

The operators in ¥{P{G/H)) of the form A(a;) with x G C[G/H] form a subalgebra, 
and A(C[G/i?]) c ¥{P{G/H)) is closed under the the actions of C[G] and C^G). 
It is easy to check that the closure of A{C[G / H]) inside K(Z^(G/iJ)) identifies with 
Co{G/H). 

In a similar way we may consider operator kernels defining operators between 
P{G/K) and P{G/H) if H and K are two different quantum subgroups of G. 
Later we will need in particular the following fact. 

Lemma 3.9. Let G be a discrete quantum group and let H C G be a quantum 
subgroup. Consider the vector space 

L = A{C[G]){C[H]qC[H]) 

inside C[G] 0C[G]. If t : C[G] — > C[G/H] denotes the canonical projection, then 
the closure K of the ^-algebra 

( L (id0r)(L)\ 
l^(T0id)(L) {tQt){L)) 

inside K(P(G) (bP{G/H)) is D(G)-equivariantly Morita equivalent to Cq(G/H). 

Proof. It is easy to check that K is indeed closed under multiplication and tak- 
ing adjoints. Let p S M{K) be the projection onto P{G/H). This projection is 
invariant under the action of the Drinfeld double in the sense that 7(p) = 1 (8> p 
if 7 : if ^ M(G^(D(G)) ® K) denotes the coaction of G^(D(G)) induced from 
l^iG) ®P{G/H). Moreover, by our above remarks we know that pKp is isomorphic 
to Gq{G/H). Hence the claim follows from the fact that pKp is a full corner in if, 
that is [KpK] ^K. □ 

4. Divisible quantum subgroups 

In this section we discuss a certain class of quantum subgroups of discrete quan- 
tum groups which we call divisible. We will later make use of divisibility in some 
arguments. 

Let G be a discrete quantum group and let ii C G be a quantum subgroup. In the 
same way as we defined the G*-algebra Gq{G/H) in section[3l we may construct the 
homogeneous space Co{H\G) corresponding to left translations of H on G. That 
is, on the algebraic level we set 

G{H\G) - {/ e G(G) I (vr id)A(/) -10/} 

where tt : G(G) — ?> C{H) is the canonical projection map, and Co{H\G) is the 
completion of 

CciH\G) = Po.C{H\G) 

ae\n(H)\\n(G) 

inside L(P(G)). Here lrr(ii)\lrr(G) is the quotient of Irr(G) with respect to the 
equivalence relation given by r s iff s r contains an element t G Irr(ii), and 
Pa G Gb{G) denotes the projection determined by the coset a. 

Definition 4.1. Let G be a discrete quantum group and let H d G be a quantum 
subgroup. We say that H d G is divisible if there exists an H-equivariant *- 
isomorphism 

Go(G) -Go(ii)0Go(ii\G) 
with respect to the restricted coaction on the left hand side and the coaction given 
by comultiplication on Gq{H) on the right hand side. 
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Roughly speaking, the property of divisibility corresponds to the existence of a 
section H\G — G of the canonical quotient map. It is clear that every inclusion 
H C G oi classical discrete groups is divisible. 

Recall from section [3] that the canonical projection C[G] C[G/H] is a coalgebra 
homomorphism in a natural way. We define 

C[H\G] = C QciH] C[G] 

and note that C[7f\G]* identifies with C{H\G). The coalgebra C[G] is equipped 
with the antilinear involution p{x) S^^{x)*. This formula also determines invo- 
lutions on C[G/H] and C[H\G]. We will say that a coalgebra homomorphism is 
involutive if it commutes with these involutions. 

The following lemma shows that divisibility is quite a strong property in the quan- 
tum case, and that it is symmetric with respect to taking left or right quotients. 

Lemma 4.2. Let G be a discrete quantum group and let H d G be a quantum 
subgroup. Then the following conditions are equivalent. 

a) H C G is divisible. 

b) There exists an involutive isomorphism C[G] = 'C[H] C[G\iJ] of coalgebras 
and left C[H]-modules. 

c) For each a G lrr(iJ)\lrr(G) there exists a corepresentation I = l{a) G a such 
that s ®l is irreducible for all s G \rr{H). 

d) For each a G lrr(G)/lrr(i?) there exists a corepresentation r = r{a) G a such 
that r ® s is irreducible for all s G \rr{H). 

e) There exists an involutive isomorphism C[G] ^ C[G/iJ] C[iJ] of coalgebras 
and right C[H]-modules. 

f) There exists a right Co{H)-colinear ^-isomorphism 

Go{G)^C„{G/H)(E,Go{H) 

with respect to the restricted coaction on the left hand side and the coaction 
given by comultiplication on Gq{H) on the right hand side. 

Proof, a) ^ b) Let a : Go(G) Go{H) Go(i?\G) be an iJ-equivariant *- 
isomorphism. Then every matrix block in Co(G) is mapped to finitely many ma- 
trix blocks inside Co{H) Co{H\G). It follows that there exists an isomorphism 
CT, : C[H] C[H\G] — > C[G] which induces a by dualizing in the sense that 

{a^{x®y),f) = {x®y,a{f)} 

for all X G C[H],y G C[H\G] and / G Go(G). Using nondegeneracy of the canonical 
pairings we see that (T* is a left C[i7] -linear involutive coalgebra homomorphism. 
&) a) If cr : C[H] C[H\G] ->■ C[G] is a C[if]-linear involutive coalgebra iso- 
morphism, then dualizing yields a C[i?]-linear unital *-isomorphism a : C{G) = 
M{Cc{G)) M{Cc{H) Cc{H\G)). Since both sides are direct products of 
matrix algebras the map a restricts to a Go(-ff)-colinear ^-isomorphism Ca{G) = 
CoiH)®Go{H\G). 

b) c) Assume we are given an involutive C[-ff]-linear coalgebra isomorphism 
C[G] ^ C[H] qC[H\G]. Let a G \rr(H)\Wr{G) and li,...,lk G Irr(G) be the 
corepresentations corresponding to the simple coalgebras in CI C[H\G]a. Then 
the simple coalgebras in C[G]q are of the form C[G]s^ii with s G \rr{H). Since 
a is generated by a single corepresentation we must have k = 1 and may set 
1(a) = li€ Irr(G). 

c) =^ b) If l{a) G Irr(G) is a representative of a G lrr(i/)\lrr(G), then the simple 
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corepresentations of C[G] are of the form s (E) l{a) with s G \rr{H). The muhiphca- 
tion map n induces a left C[-ff]-hnear isomorphism 

C[H] C[G]z(„) - C[G] 

Qelrr(ff)\lrr(G) 

of coalgebras. Using p{xy) — S{xy)* — S{x)*S{y)* — p[x)p{y) we see that ^ is 
involutive. The claim follows by observing that the canonical map 

C[G],(„) ^ €.[H\G] 

aelrr(ff)\lrr(G) 

is an involutive isomorphism of coalgebras. 

c) d) The conjugation of corepresentations induces a canonical bijection between 
lrr(iJ)\lrr(G) and lrr(G)/lrr(iJ). If / — l{a) is as in c) we may set r{a) — J and vice 
versa. 

Finally, the proof of d) <^ e) <^ /) is obtained in the same way as the equivalences 
a) <i^b) <^ c) above. □ 
In order to illustrate definition 14.11 let us discuss some examples of quantum sub- 
groups and homogeneous spaces. As a first example, let us consider the even part 
H = ¥Oev{Q) of the free orthogonal quantum group G = ¥0{Q) with QQ = ±1. 
By definition, C[H] is the Hopf *-subalgebra generated by products UijUki of two 
generators of C[G]. In other words, if 

Irr(G) = {uk\ke No} 

is the usual parametrization of the irreducible corepresentations of ¥0{Q), then 
\rr{H) corresponds to corepresentations with even index. Note that one recovers as 
particular case the canonical morphisms SUq{2) — !> S0q{3) when Q G Gi2(C). 
Recall that the fusion rules of ¥0{Q) are given by 

Uk^Ul^ U|fe-;| © M|fc-i|+2 © • • • © Uk+l-2 © Uk+l, Uk = Uk- 

Hence in this case lrr(G)/lrr(iJ) consists of the two classes [1] = [uq] and [u] = [ui]. 
Clearly C[G/iJ][i] = C is generated by 1 G C[G]. On the other hand, for r, s G [u] 
we have r (g) s G Corep(fl") so that {x,y) = e{x*y) for x,y G C[G/i?][„]. As a 
result we obtain C[G/-ff][„] = Cun, with the coalgebra structure which makes uu 
a group-like element. In other words, we have 

Co{G/H) = Cc[G/H) ^ C © C, 

and it follows immediately that H is not a divisible subgroup. 
We consider next the case of a free product G = Go * Gi of two arbitrary discrete 
quantum groups Go,Gi. It is known from |31| that the irreducible corepresen- 
tations of G are obtained as alternating tensor products of nontrivial irreducible 
corepresentations of Go and Gi . We identify Irr(G) with the set of alternating words 
Irr(Go) * Irr(Gi). The fusion rules of G can be recursively derived from the ones of 
Go and Gi as follows. If the word v ends in Irr(Go) and w G Irr(G) starts in Irr(Gi) 
then v®w is irreducible and corresponds to the concatenation vw. The same holds 
with the roles of Go and Gi reversed. If on the other hand v = v'r and w — sw' 
with r, s G Irr(Gi), then 

v(g)w= v'tw' © S-^s [v' (Ew'), 

where the sum runs over all irreducibles corepresentations t G r(S) s with multiplici- 
ties, according to the fusion rules of Gi. It follows in particular that each Gi C G is a 
divisible quantum subgroup, with the corepresentations r{a) for a G lrr(G)/lrr(Gi) 
corresponding to words not ending in G,; , including the empty word. 
We remark that one can construct a naive Bass-Serre tree Y from these fusion 
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rules. The set of edges is the disjomt union y(") = lrr(G)/lrr(G'o) U lrr(G)/lrr(G'i), 
and the set of vertices is Y'^^^ — Irr(G). The natural quotient maps tj : Irr(G) 
lrr(G)/lrr(Gj) are then interpreted as source and target maps, thus defining an ori- 
ented graph Y. It is easy to check that this graph is a tree, and it coincides with 
the Bass-Serre tree if Go,Gi are classical groups. In the quantum case, the free 
product G does not act on y in a natural way, and we will work instead with a 
quantum Bass-Serre tree in section [5j Still, the naive tree Y described above turns 
out to be useful for iiT-theoretic computations. 

Finally, let us consider free orthogonal and unitary quantum groups. It was shown 
by Banica |3] that for any Q G GL„ {€.) such that QQ = ±1 there is an injective 
morphism l : C[¥U{Q)] C[¥0{Q) * Z] of Hopf-*- algebras given by t(wy ) = UijZ 
where z e C[z,z-'^] = C[Z] is the generator. That is, ¥U{Q) C ¥0{Q) * Z is a 
quantum subgroup. 

Proposition 4.3. Let Q e Gi„(C) such that QQ — ±1. Then the quantum 
subgroup ¥U{Q) C ¥0{Q) ^Z is divisible. 

Proof. Let us write G = ¥0{Q) * Z and H = ¥U{Q) and identify Irr(iJ) C Irr(G). 
Moreover denote by u„ for n G No the irreducible corepresentations of ¥0{Q), and 
choose a generator z of Z. By definition, Irr(iJ) is generated inside Irr(G) by uiz 
and z~^ui. We have to study how tensor products by the generators decompose in 
Irr(G). 

Let wz'^UnZ^ be an alternating word in Irr(G) with w possibly empty, k,l Z and 
n > 0. According to the fusion rules explained above we have 

Wz'^UnZ^ ® UiZ — WZ^UnZ^UiZ li I ^ Q 

WZ^Un ® UiZ = Wz'^Un-lZ © WZ^Un^iZ if n > 1 

WZ^Ui ® UiZ = Wz'^^^ © WZ^U2Z. 

Similarly we have 

WUnZ^ <Sl Z^^Ui = IVUnZ^^^ Ui if fc ^ 1 

WUnZ (Xl Z^^Ui = WUn-1 ® WUn+1 if n > 1 

WUiZ (g) Z~^Ui — W Q) WU2 

for fc G Z, rt > and a possibly empty word w. 

Let us describe \rr{H) inside Irr(G). Indexing irreducible corepresentations of 
¥0{Q) * Z by words in w„, z'' with n G N*, /c G Z*, as explained above, we claim 
that the nontrivial irreducible corepresentations of ¥U{Q) correspond to the set W 
of words of the form 

where p > 1, = ±1 and rii G N* for all i are such that e^+i = — (— l)"*+^ei for all 
< i < p — 1 where we use the notation 

hl]_ = -l, [l]-=0, [-i]+-o, 

Indeed, it is easy to check that u\z = z^^^ - u\z^^^^ and z^^ui — z^~'^^-uiz^^^^+ G W. 
Moreover one verifies that W is stable under tensoring on the left or right by uiz 
or z~^ui and taking subobjects according to the fusion rules above, and that all 
words of W can be obtained in this way. For the rest of proof we only need the 
inclusion \rr{H) C W. 

Let a G lrr(G)/lrr(iJ) be given. According to lemma l4?2l it suffices to find r G a 
such that r (8) i is irreducible for all t G \rr{H). Let us pick an element r in a of 
minimal length as a word in N*Z. If r has length we have r — e and a = Corep(iJ), 
in particular the irreducibility property is clear in this case. If r = u„ with n > 0, 
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then tensoring by {uz (g) z"^?/)^™ — u*^^™ G Corep(i7) shows that we can assume 
r — ui. Tensoring on the right by uiz shows that we can also take r — z, and the 
irreducibihty property is again satisfied. 

Now assume that r is of length at least 2. If r ends by u„ with n > 0, then we 
can achieve n = 1 as above, and tensoring by uiz yields a word of strictly smaller 
length in a. Hence r must be of the form wUnZ^ with k G Z*,n G N*. In fact 
fc ^ 1, because otherwise we find again a strictly shorter word in a by tensoring 
with z^^u. Now it is clear from the fusion rules and the description of \rr{H) above 
that the tensor products r t with t G \rr{H) are irreducible. □ 

5. The Dirac and dual Dirac elements 

In this section we define the Bass-Serre quantum tree and the Dirac and dual 
Dirac elements associated to a free product of discrete quantum groups. Wc shall 
essentially follow Kasparov and Skandalis [13^ , in addition we take into account the 
natural Yetter-Drinfeld structures in the quantum setting. In the sequel we assume 
that the reader is familiar with equivariant KK-theoiy for quantum groups, our 
notation will follow [TH] , [SHI ■ 

Let Go and Gi be discrete quantum groups and let G = Gq * Gi he their free 
product. We write Tj : C[G] — >■ C[G'/Gj] for the canonical projections. On the level 
of Hilbert spaces, we define an associated tree for G by 

=/2(x(0))©Z2(^(l)) 

where 

P{X^°y) = l^{G/Go) ® fiG/Gi), ^ i2^(jy 

Heuristically, this Hilbert space can be viewed as the space of ^^-summable functions 
on the simplices of the quantum tree X associated to the free product G. However, 
we point out that X itself has no meaning here, it is only the Hilbert space l'^{X) 
with further structure which will be used in the sequel. Observe that P{X) contains 
a natural dense linear subspace S{P{X)) = C[X] given by 

C[X] ^ C[X(")] ® C[x(i)] = C[G/Go] ® C[G/Gi] ® C[G]. 

We will work with compact operators on l'^{X) obtained from kernels in C[X]0C[X] 

as explained in section [31 

Let 

E^{{to,h) GR^lto+h^l} 

be the one-dimensional affine space and let 

Ai = {{to,h) e E\to >0,ti>0}cE 

be the standard 1-simplex. As in [TJ] we denote by q : E' — > A^ the projection to 
the nearest point. For a subset / C {0, 1} define 

Ff = {{to,h) e A'\t, = for j e {0, 1} \ /}. 

Note that F^Q ij ~ A^ and F^ = 0. Moreover define the open set ftf C E a.s the 
interior in E of q~^{Ff). Observe that i^{o,i} — E and il^ — 0. For the one-element 
subset {j} C {0, 1} we shall abbreviate ^{j} = ^j- 
Let Cli be the one-dimensional Clifford algebra and write 

Gr{U) = Gn{U)®Ch 

if [/ C i? is an open subset. Our first aim is to define a graded G*-algebra 

Ax C Cr{E)(S)K{l^{X)) = Go{E,K{l^{X)))iE)Ch 

where Gr{E) carries the grading induced from the Clifford algebra, denotes the 
graded tensor product and K{P{X)) is the algebra K{P(X)) of compact operators 
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on P{X) with the grading obtained by viewing P{X) = © as a 

graded Hilbert space. In the case of classical groups, the algebra Ax is defined 
by specifying support conditions in terms of matrix elements for M^{P{X)). In the 
quantum case we have to proceed more indirectly, we shall assemble Ax by putting 
together the pieces corresponding to the different regions 51/ for / C {0, 1}. 
Firstly, let us consider r2{o.i} = E. Here we take the linear subspace 

CriE) A(C[G]) c Cr{E) WifiX)). 

As explained in section[21 the closure of this space inside Cr{E)(E}K{P{X)) is iso- 
morphic to Cr{E)®Ca{G). Heuristically, this contribution correponds to the matrix 
elements for cr, 77 G X'^^'^ such that a = -q. 

Consider next the regions ^{j} — for j — 0, 1. Heuristically, we have a contribu- 
tion coming from all simplices which intersect in the vertices corresponding to the 
homogeneous space G/Gj. For a pair of simplices in X^^-' this leads to the space 

A(C[G])(C[Gj] C[Gj]) 

inside Cr{E) F(/^(X(^))). For a pair of one simplex in X*^^^ and one simplex in 
we have 

G^(%)0(^j0id)A(C[G]) 
inside Gr{E,¥{P{X'^"y),P{X'^^^)) and symmetrically 

Cr{flj)Q{idQTj)A{C[G]) 

inside Cr{E,¥{l'^{X'-^^)J^{X'-°^)). Finally, there is a contribution coming from a 
pair of vertices in X^"^ which gives 

G,(r!j)0(Tj0rj)A(C[G]) 

inside Go{E,¥{P{X(^>'>)). 

We let Ax be the closure of the sum of the above subspaces inside Gr{E)(E)K{P {X)) . 
It is straightforward to check that Ax becomes a D(G)-C*-algebra in a natural way. 

Definition 5.1. Let Gq, Gi be discrete quantum groups and let G = Gq * Gi their 
free product. The Dirac element D € KK^^'^\Axt'C) is the composition of the 
canonical inclusion Ax Gr{E)®K{P{X)) with the Bott periodicity isomorphism 
and the equivariant Morita equivalence lL{P{X)) C. 

Note that 1^{X) is a graded D(G)-Hilbert space, so that K(/^(X)) is in fact 
D(G)-equivariantly Morita equivalent to C. 

The D(G)-G*-algebra Ax is if/sT^^'^^-equivalent to an ungraded D(G)-G*-algebra. 
More precisely, let Bx C Go(£') K(P(X)) be the ungraded G*-algebra defined 
by the same procedure as above, but replacing Cr{U) by Cq[U) in all steps. Then 
V = Go(M) ®Bx = ^Bx is isomorphic to Ax in KK°^^\ Indeed, the grading 
on K{P{X)) is even and hence Cr{E)®K{P{X)) is isomorphic to Gq{E) Oi 
K(^^(X)), where CZi K(Z^(X)) carries the standard odd grading, see corollary 
14.5.3 in [5]. This isomorphism identifies Ax with C/i Bx- Since C^i is KK- 
equivalent to Go(IR) this yields the claim. 

In order to analyze the structure of V it is useful to consider the projection V — ?> 
EG(A^, Go(G)) obtained from restriction of functions in Bx to A^ C E. We otain 
an extension 

^/oe/i ^EG(Ai,Go(G)) ^0 

of D(G)-G*-algebras, where Ij C is the ideal corresponding to the open sets fij. 
One checks easily that this extension has a D(G)-equivariant completely positive 
splitting. Moreover, it follows from lemma 13.91 that Ij is i^if'^^'^^-equivalent to 
Go(G/G,) for j = 0,1. 
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Next we shall define the 7-element for G, compare [12], [2H]- If is a quantum group 
let us write C[H \ {e}] for the subspace of C[H] spanned by the matrix coefficients 
of all nontrivial corepresentations of H. Similarly, we write P{H \ {e}) C 1^{H) for 
the orthogonal complement of CI. That is, we have a direct sum decomposition 

1^{H) =Cl(Bl^{H\{e}) 

of the Hilbert space P{H). With this notation, the underlying vector space of the 
Hopf algebra C[G] for the free product G — Gq * Gi decomposes as 

00 

C[G]=C1®0 C[G,, \{e}]0.-.0C[G,„ \{e}] 

n=l (ii,...,i„)e/„ 

where 

/„ = {(ii, . . . , i„) e {0, lY\ik ^ ik+i for aU k]. 

Similarly, we obtain an orthogonal decomposition 

00 

Z2(G)=C1©0 /'(G,, \{e})®---®P(G,„ \{e}) 

n=l (ii,...,i„)6/„ 

of the Hilbert space 1^{G). Let us write C[G \ {e}](j) C C[G \ {e}] for the subspace 
corresponding to tuples (ii,...,j„) £ /„ such that i„ ^ j, and similarly write 
P(G \ {e})(j) C P{G\ {e}) for the corresponding closed subspace. Note that we 
have 

C[G\{e}]-C[G\{e}](,)0C[G,] 
and an analogous isomorphism for the Hilbert spaces. For j — 0, 1 consider the 
linear map Tj : C[G \ {e}](j) — J> C[G/Gj] given by Tj{x) = x 1 where we recall 
that C[G/Gj] = C[G] Qc[g,] C. Note that 



C[G/G,] - CI © C[G,, \ {e}] • • • C[G,„ \ {e}] 
"=i (ji,...,»„)e/</' 

where 

ik+1 for all k and i„ ^ j}. 

The map Tj is a linear isomorphism onto the space C[G/Gj \ {eGj}]. By the latter 
we mean the direct sum of all summands in the above decomposition of <C[G/H] 
except for the subspace CI which represents the identity coset. Using analogous 
notation, this map extends to a unitary /^(G)(j) P{G/Gj \ {eGj}) which we 
denote again by Tj. 

We define a bounded operator V* : P{G) P(G/Go) © /^(G/Gi) for j = 0, 1 by 
V* = Tk on P(G \ {e})(fc) for fc = 0, 1 and V*{1) = 1 £ P(G/Gi_j). That is, 
differs from V\* only on the one-dimensional subspace CI C l'^{G) corresponding the 
trivial corepresentation. The operator V* is an isometry with cokernel im(V^*)^ = 
CI C P{G/Gj), and we define the Julg-Valette operator Vj to be the adjoint of 
Vj* . Geometrically, the operator V* maps an edge to the endpoint furthest from 
the base point given by the identity coset in G/Gj. 
Now consider the odd operator Tj G h{P{X)) given by 

with respect to the canonical decomposition P{X) = P{X'^^^) (bP{X'-^^). It is clear 
by construction that Tj G L(;^(X)) is self-adjoint and satisfies 1 — € K(P{X)). 
Let us write A : l'^{X) M{C'f){D{G))(dP{X)) for the action of the Drinfeld double 
D(G) on P{X) and adA : K{P{X)) M{C'o{D{G)) (g,K{P{X)) for the associated 
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adjoint coaction, compare |19| . The operator Tj almost commutes with the coaction 
A on P{X) in the fohowing sense. 

Lemma 5.2. With the notation as above, we have 

(C5(D(G)) ® 1)(1 - adA(r,)) G C5(D(G)) ^ K(P(X)) 

forj ^ 0, 1. 

Proof. The coaction A corresponds to coactions a of : P{X) — > M(Co(G) (8) ^^(-'i')) 
and f : P{X) M(C;{G) ® PiX)) satisfying the Yetter-Drinfeld compatibihty 
condition, see section [5] To check the assertion it suffices to show that Tj almost 
commutes with a and v separately. The coaction a corresponds to the canonical 
unital *-representation of Cf*(G) = Gf*(Go) * Gf*(Gi) on P{X). This in turn corre- 
sponds to a pair of unital *-representations of Gf*(Go) and Gf*(Gi) on P{X). It is 
easy to see that Tj commutes with the action of Gf*(Gj). Since Fq and Fi only differ 
by a finite rank operator, it follows that Tj commutes with the action of Gf (Gi_j) 
up to compact operators. This yields the claim for a. It is straightforward to check 
that Tj commutes strictly with the ^-representation of Go(G) on P{X) induced by 
v, and this yields the claim for i/. □ 
We conclude that the operator Tj together with the action of C on P{X) by scalar 
multiplication defines a class 7 G KK^^'^\C, C). Note that this class is independent 
of j since Fi — Fq is a finite rank operator. 

Lemma 5.3. We have 7 = 1 m KK^'^^'I {C,C). 

Proof. Let us use the operator Fq to represent 7. Then 7 — 1 is represented by the 
graded Hilbert space 

n = no®Hi = P{x^"y) ® ® c), 

the action of C by scalar multiplication and the self-adjoint odd unitary Fq given 
as follows. We decompose H into the direct sum /C © /C^ where 

/C = /Co ® /Ci = (CI ® CI) ® (CI © C) c Ho ffi Hi 

and CI denotes the subspaces corresponding to the trivial corepresentation inside 
P{G/Go),P{G/Gi) and P{G), respectively. The operator Fq preserves the de- 
composition TL = K. ® K.'^ , it agrees with Fq on K,^, and on /C it interchanges 
1 e P{G/Go) with 1 e C and 1 e P(G/Gi) with 1 G P{G). 

As in lemma [5?2l we study the D(G)-action on "H in terms of the corresponding 
*-representations of Gf* (Go), Gf*(Gi) and Go(G). It is obvious that Fq commutes 
with the actions of Gf*(Go) and Go(G). Performing a symmetric construction with 
Fi instead of Fq, we obtain an operator Fi which commutes with the actions of 
Gf*(Gi) and Go(G). Moreover Fq = Fiu where u is the self-adjoint unitary which 
is equal to the identity on /C^, interchanges 1 G P(G/Go) with 1 G P(G/Gi) and 
fixes 1 G P{G) and 1 G C. If we conjugate the action of Gf*(Gi) by u and leave the 
action of Gf*(Go) fixed, we thus obtain an action of Gf*(G) which commutes strictly 
with Fq. Choosing a path of unitaries in L(A^o) connecting u and id on ICq yields 
a homotopy between our cycle and a degenerate cycle. This shows 7 — 1 = as 
claimed. □ 
Our next aim is to define the dual-Dirac element rj G KK^^'^^C, Ax)- For a given 
A G consider the operator 

^ c(/i - A) 
^'^'^ sup(|A.-A|,l/3) 

in L(GT-(i?)) = M{Cr{E)) where c denotes Clifford multiplication. By construction, 
the function 1 — is supported on the ball -Bi/3(A) around A. The operator Px 
represents the Bott element in KK{'C,Cr{E)), we view it as an element [/3a] in 
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KK^^'^'>{C,Cr{E)) by considering the trivial action of D(G) on all ingredients of 
the corresponding cycle. Note that the class [I3\] is independent of A. 
Let us fix 6 = (1/2,1/2) G E and write (3 = f3b- Since the action on Cr{E) is 
trivial, we obtain an element tc^(£;)(7) € KK^^'^\Cr{E),Cr{E)) by tensoring 7 
with Cr{E) in the standard way. The Kasparov product 

7 ®c [13] = [13] ®c,(E) Tc^(E){l) 

IS an element in KK^^^XC, Cr{E)) which can be represented easily using the Julg- 
Valette operator Fq from above. More precisely, the underlying Hilbert Cr{E)- 
module is Cr{E)®l'^{X), the action of C is by scalar multiplication, and the operator 
is given by 

= P®! + ((1 - /32)i/2^i)(i^ro), 
see proposition 18.10.1 in jS^. Using equivariant Morita invariance, we obtain a 
corresponding element in KK^'^'^\'C,Ct{E)®^{1'^{X))) with underlying Hilbert 
module Ct{E)®K(P{X)), the tautological left action of C, and the operator given 
by the same formula as Fq. 
Let X(y,xi ^ E he the points 

xo = (3/2,-l/2), XI = (-1/2,3/2), 

and let pj £ M{Co{G)) C H^^{G)) for j = 0, 1 be the projection onto l^{G\{e})(jy 
Note that po,pi £ M{Cq{G)) are central elements. For t G [0,1] we define /?* G 
I.{Cr{E)^l^{X)) = M{Cr{E)^K{P{X))) by 

^* = A:.o+(i-t)b®(po©id©0) 

+ l3tx^+{i^t)bM{Pi + (1 » 1)) © © id) 

where we use the decomposition /^(X) ^ P{G)®P{G/Go)iSiP{G/Gi), and 1 1 G 
¥{P{G)) C K(|2(G')) is the orthogonal projection onto CI C l'^{G). In addition, we 
define Ft G h{Cr{E)^l'^{X)) for t G [0, 1] by 

Fi=/3* + (l-(/3*)2)i/2(i^ro), 

for t = this is of course compatible with our notation above. It is straightforward 
to check that (/3*)^ commutes with Fq, and this implies Ft = Ft . Moreover one 
verifies 1 - g K{Cr{E)^l'^{X)) for all t G [0, 1] using that 1 - is contained in 
CriE) for all A G and 1 - Fq G K{P{X)). As in the proof of lemma K2\ we see 
that Ft is almost invariant under the action of D(G), that is 

(C^(D(G)) ® 1)(1 <E>Ft- adx{Ft)) G Q(D(G)) <g> K{CAE)^P{X)) 

for all t G [0, 1], where we write again A for the coaction on Cr{E) l'^{X) obtained 

from the coaction on l'^{X). 

Let us now define the dual Dirac element rj. 

Proposition 5.4. The operator Fi is contained in the multiplier algebra M{Ax) 
inside l^{Gr{E)^P{X)) and defines an element rj G KK^'^'^\'C, Ax) in a canonical 
way. 

Proof. Note that the canonical inclusion Ax h{Cr{E)(^P{X)) is nondegenerate, 
so that M{Ax) is indeed naturally a subalgebra of L(G7-(£')®/^(^)). 
To check that Fi is a multiplier of Ax , it is convenient to write the operator in ma- 
trix form with respect to the decomposition P{X) = P{G/Go)®P{G/Gi)®l'^{G). 
In a similar way one can represent the different linear subspaces of Cr{E)®K{P{X)) 
in the definition of Ax ■ This reduces the argument to a number of straightforward 
verifications, the crucial point being that 1 — P^. is supported on fij for j = 0, 1. 
Since this is completely analogous to the classical case treated in [13] we omit these 
verifications here. 
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We obtain the element 77 € KK^^^'> {C, Ax) by considering Ax as a Hilbert module 
over itself together with the operator Fi e h{Ax) — M{Ax) and the left action of 
C by scalar multiplication. We have already seen above that Fi is self-adjoint. To 
check the remaining properties of a Kasparov module, observe that 

K{Cr{E)(E)l^{X)) n M{Ax) cAx-- H-^x) 

since Ax acts nondegenerately on Cr{E)(S)P{X). Hence our previous considerations 
about the operators Ft G l.{Cr{E)'^f {X)) show that 1 - F^ e K{Ax) and that 
Fi G h{Ax) is almost invariant under the action of D(G). □ 
Let us compute the product 77 <Siax ^■ 

Theorem 5.5. Let D e KK°'^^\Ax,C) and rj e KK^^^\C,Ax) be the Dirac 
and dual Dirac elements defined above. Then 

77 (g)^^ D = \d 

in KK°'^^H<C,C). 

Proof. Let i : Ax Cr{E)®K{l'^{X)) be the canonical embedding and denote by 
[i] G KK°'''^\AxTCr{E)) the corresponding class. Almost by construction, the 
operators Ft € l^{Cr{E)®P{X)) for t G [0, 1] define a homotopy between 77 ®Ax W 
and 7 (g)c [P]. Hence if [P] € KK°^^\Cr{E),<C) denotes the inverse of the Bott 
element, then we obtain 

77 ®Ax D = v <^Ax M <»CAE} = 7 [13] ®cAE) [P] = [P] ®CAE) [P] - id 
using lemma 15.31 and Bott periodicity. □ 

6. The Baum-Connes conjecture and discrete quantum groups 

In this section we first recall some elements of the categorical approach to the 
Baum-Connes conjecture developed by Meyer and Nest [THj, [IT], [S]- In partic- 
ular, we discuss the formulation of an analogue of the Baum-Connes conjecture 
for a certain class of discrete quantum groups proposed in jl6j . Using the results 
obtained in section [5] and 30! we will then show that free quantum groups satisfy 
this conjecture. 

Let G be a discrete quantum group. The equivariant Kasparov category KK'^ has 
as objects all separable G-C*-algebras, and KK'~^{A, B) as the set of morphisms 
between two objects A and B. Composition of morphisms is given by the Kas- 
parov product. The category KK'-^ is triangulated with translation automorphism 
E : KK^ KK^ given by the suspension = Go(M, A) of a G-G*-algebra A. 
Every G-equivariant *-homomorphism f : A ^ B induces a diagram of the form 

^ G/ ^ A -^-^ B 

where G/ denotes the mapping cone of /. Such diagrams are called mapping cone 

triangles. By definition, an exact triangle is a diagram in KK'^ of the form SQ — >■ 

K ^ E ^ Q which is isomorphic to a mapping cone triangle. 

Associated with the inclusion of the trivial quantum subgroup E <Z G we have the 

obvious restriction functor res^ : KK'^ — ^ KK^ — KK and an induction functor 

ind| : KK KK^. Exphcitly, indf (A) = Go(G) ® A ior A G KK with coaction 

given by comultiplication on the copy of Go(G). 

We consider the following full subcategories of KK'~^, 

TCg ^{Ae KK'^l res^(A) = G KK} 

riG = {indg(A)|Ae A'if}, 
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and refer to their objects as trivially contractible and trivially induced G-C*- 
algebras, respectively. If there is no risk of confusion we will write TC and TI 
instead of TCq and TIg- 

The subcategory TC is localising, and we denote by (TI) the localising subcategory 
generated by TI. It follows from theorem 3.21 in [TB] that the pair of localising 
subcategories {{TT),rC) in KK^ is complementary. That is, KK^{P, N) = for 
all P e (CI) and N e CC, and every object A G KK'^ fits into an exact triangle 

Y.N ^A ^A 

with A e {T1) and TV e TC Such a triangle is uniquely determined up to isomor- 
phism and depends functorially on A. We will call the morphism A — >■ A a Dirac 
element for A. 

The localisation LF of a homological functor F on KK'^ at TC is given by 

l.F{A) = F{A) 

where A A in a Dirac element for A. By construction, there is an obvious map 
HA ■■ LT(A) ^ F{A) for every A e KK^. 

In the sequel we write G iXf A and G Xr A for the full and reduced crossed products 
of a G-G*-algebra A. 

Definition 6.1. Let G be a discrete quantum group and consider the Junctor 
F{A) — K^{G tXr A) on KK^ . We say that G satisfies the TX-Baum-Connes 
property with coefficients in A if the assembly map 

HA : hF{A) F{A) 

is an isomorphism. We say that G satisfies the TT -strong Baum-Connes property 
if{TI)=KK^. 

Clearly the TTstrong Baum-Connes property implies the TTBaum-Connes 
property with coefficients in A for every G-G*-algebra A. We refer to [18 for 
the comparison of definition 16.11 with the usual formulation of the Baum-Connes 
conjecture in the case that G is a torsion-free discrete group. The TTstrong Baum- 
Connes property is equivalent to the assertion that G has a 7-element and 7 = 1 
in this case. 

In order to obtain the correct formulation of the Baum-Connes conjecture for an 
arbitrary discrete group G one has to replace the category TI by the full subcat- 
egory CI C KK"^ of compactly induced G-G*-algebras. Our results below show 
that for a free quantum group G the category TI is already sufficient to generate 
KK^ . It is natural to expect that all free quantum groups are torsion- free in the 
sense of [16j . For free orthogonal quantum groups this is verified in ^3U^, but we 
have not checked the general case. 

Let us briefly discuss some facts from [IT], [T^ that will be needed in the sequel. 
We write Z for the homological ideal in KK^ consisting of all / G KK'~^{A, B) such 
that res^(/) = G KK{A, B). By definition, 3 is the kernel of the exact functor 
res^ : KK"^ — > KK. The ideal 5 is compatible with countable direct sums and 
has enough projective objects. The -ji-projective objects in KK'^ are precisely the 
retracts of compactly induced G-G*-algebras. 
A chain complex 

■ ■ ■ s- '-^n+l ^ '-^n ^ ^ ' ' " 

in KK'^ is 5-exact if 

KK{A, G„+i) (A, G„) KK{A, G„_i) • • • 
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is exact for every A € KK. 

A ^-projective resolution of A G KK^ is a chain complex 

^ p '^"+\ p '^■v p ^ '^^ , p ^1 , p 

• • • ^ ^n+l ^ ^ -Tn-l ^ ' ' ' ^ ^1 ^ ^0 

of 5-projective objects in KK'~^, augmented by a map Pa A such that the aug- 
mented chain complex is 3-exact. 

In the sequel we will denote by G the dual compact quantum group of the discrete 
quantum group G determined by C"'(G) = C*(G)^°p. Note that this amounts to 
switching the comultiplication in the usual conventions. By definition, the repre- 
sentation ring of G is the ring R{G) — KK'~^{C,C) with multiplication given by 
Kasparov product. Note that R{G) as an additive basis indexed by the irreducible 
corepresentations of G. For every B G KK'^ there is a natural _R(G)-module struc- 
ture on 

K{B) = K{^G ®B) = KK^{<C, G tK,B) 

induced by Kasparov product. This module structure is important for doing ho- 
mological algebra in KK'^, see [TC] for further information. 

Let us next record a basic result on induction and restriction for discrete quantum 
groups. 

Proposition 6.2. Let G be a discrete quantum group and let H C G be a quantum 
subgroup. Then 

KK'^{mdH{A),B) = KK"{A,Tes']!i{B)) 
for every H-C* -algebra A and every G-C* -algebra B. 

Proof. We describe the unit and counit of this adjunction, using the explicit de- 
scription of the induced algebra ind^(A) from section [31 We have an _ff-equivariant 
*-homomorphism i^a '■ A ^ ind^(A) given by r]A{a) — Ci{a) £ M{Go{H) ® A) C 
M{Co{G) ® A). This defines the unit t]a A ^ res^ind^(yl) of the adjunction. 
The counit kb '■ ind^ res^(i?) = Go{G/H) M B ^ B of the adjunction is induced 
from the embedding Co{G/H) C K{P{G/Hj) followed by the D(G)-equivariant 
Morita equivalence between K{P{G/H)) and C. One checks that 

indg(A) indgresGindg(A) ^ indg(^) 

is equal to the identity in KK'^ for any _ff-G*-algebra A, using that x e ind^(A) 
is mapped to (8) a; G IK(/^(G/iJ)) ind^(A) under these maps. 
Similarly the composition 

res|(i?) resgindgresG(i3) resg(B) 

is the identity in KK^ for every G-G*-algebra B since the minimal projection 
P[(] G 1S^{P{G/ H)) is iJ-invariant and invariant under the adjoint coaction. This 
yields the claim. □ 
Finally, we need a description of the crossed product of homogeneous spaces for 
divisible quantum subgroups with respect to the conjugation coaction. Recall that 
the conjugation coaction 7 : Go(G) -J> M(G*(G) ® Go(G)) is given by 7(7) = 
W*il f )W where W = EW^*I] G M(G;(G) ^ Go(G)). 

Lemma 6.3. Let G be a discrete quantum group and let H (Z G be a divisible 
quantum subgroup. Then there exists a Gq{GY°'^ -colinear ^-isomorphism 

Go(G)=°P Ca{G/H) = Go(G)"P ® Go{G/H) 
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where the crossed product Co(G)™p k,. Cq{G/H) for the conjugation coaction is 
equipped with the dual coaction, and on Co(G)™p (8) Co(G/H) we consider the co- 
multiplication on the first tensor factor. 

Proof. Since we assume H to be divisible we find a central projection p G M(Co(G)) 
such that multiplication by p yields a ^-isomorphism from Co{G/H) C Cb{G) to 
pGo{G). Given an fl"-equivariant ^-isomorphism Co{G) = Go{G/H) (g) Co{H), the 
projection p corresponds to 1 iS^Pi^] where e G \rr{H) is the trivial corepresentation. 
Since p is central, the isomorphism Go{G/H) = pGo{G) commutes with the conju- 
gation coaction. 
We obtain 

Co(G)^°P Co(G/H) = [(Go(G) ® 1)W*{1 Co{G)p)W] 
^ [W{GoiG) ® ® Go(G)p)] 

= Go(G))iyS(l (g) Go(G)p)] 

= [A-P(Go(G))(l®Go(G)p)] 
= [Go(G)®Go(G)p] 
-Go(GrP(g.Go(G/7J). 

It is straightforward to check that these identifications are compatible with the dual 
coaction on Go(G)™p Kr Ga{G/H) and comultiplication on the first tensor factor in 
Go(G)"P (g) Go{G/H), respectively. □ 
Now let Go and Gi be discrete quantum groups and let G = Go * Gi. In section [5] 
we constructed the Dirac element D G KK^^'^^AxjC) using the G*-algebra Ax of 
the quantum tree associated to G. It was also shown that Ax is -ft'iir'-''^'^)-equivalent 
to a certain ungraded D(G)-G*-algebra V. By slight abuse of notation, we will view 
D as an element in KK^'^'^\V,C) in the sequel. 

Lemma 6.4. Let Go, Gi be discrete quantum groups and let G — Go * Gi be their 
free product. The Dirac element D G KK{V, C) is invertible. 

Proof. By the definition of V we have an extension 

^/o®/i ^EG(Ai,Go(G)) ^0 

and using the iiTX-equivalences between and Go{G/Gj) for j = 0, 1 we obtain 
an exact sequence 

^K,{V) -Xo(Go(G)) 

d 

Ko{V) i^o(Go(G/Go)) ® Xo(Go(G/Gi)) 

in if -theory. Let us write for the class in _ftro(Go(G)) corresponding to the 
irreducible corepresentation r G Irr(G). If r = e is the trivial corepresentation then 
we have 

d{er) = (-e^o(e)>eri(e)) 

where = Pe is the generator of A'o(Go(G)) corresponding to e, and e-Tj{e) is the 
generator corresponding to the class of e in Ko{Co{G/Gj)). If r is a nontrivial 
corepresentation then we can write r — wtj with w a possibly empty alternating 
word in Irr(Go) * Irr(Gi) not ending in Irr(Gj) and tj G Irr(Gj) for j = or j = 1. 
For j = we find 

9{er) = (-dim(io)e^„(^),e^j(r)) 
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where Tj(s) denotes the class corresponding s in the direct sum decomposition of 
Co{G/Gj), and erj{s) is the corresponding generator of Kq{Cq{G / G j)) . Similarly 
one obtains 

d{er) ^ (-e^j,(^),dim(ti)e^j(^,)) 

for J = 1. In these formulas dim(ij) is the dimension of the Hilbert space underlying 
the corepresentation tj . 

From this description it is easy to compute Ko{V) — C and Ki{P) = 0. Using 
theorem 15.51 it follows that D induces an isomorphism in X-theory. According to 
the universal coefficient theorem this yields the claim. □ 
The previous lemma can be strengthened as follows. 

Lemma 6.5. Let G — Gq * Gi be a free product of discrete quantum groups and 
set S ~ G*{G). Then the Dirac element D G KK^{'P,C) is invertible. 

Proof. Note that the coaction of C*{G) is obtained by restriction from the coaction 
of the Drinfeld double C^(D(G)). If we write S = Co(G)"p, then by Baaj-Skandalis 
duality the assertion is equivalent to saying that S' x,. D G KK^{S t<rV,S Kr C) 
is invertible. According to theorem 15.51 it suffices in fact to show that the map 
KK^{S tXr'P,S tx.r) -> KK^{S K, P, S* Kr C) induced by D is an isomorphism. 
We have an extension 

^Sk, (/q® /i) ^S\/.,r ^S" KrEC(Ai,Co(G)) 

of <S'-C*-algebras with equivariant completely positive splitting, and inserting this 
extension into the first variable yields a 6-term exact sequence in KK^ . According 
to lemma [Ol we see that 5 iXr Ij and S Kr EC(A^,Co(G)) are S'-equivariantly 
isomorphic to algebras of the form S ® B where B G KK is in the bootstrap class. 
Due to proposition l6.2l it therefore suffices to show that Svc^D e KK{St<rV,SiXrC) 
induces an isomorphism in if-theory. 
Using lemma [6731 we obtain a commutative diagram 

5 K, (/o © h) ^ Sk,P ^ S X, Y.C{A\Co{G)) ^ 2(5' (/q ® h)) 



S(g>{Io® h) ^ S(E,V ^ S (g, SG(Ai, Go(G)) ^ S(5 (Jq ® h)) 

where the rows are exact triangles. Since the category KK^ is triangulated there 
exists an invertible morphism S Kr V — S ®V in KK^ completing the above 
commutative diagram. In particular we obtain a diagram 

where the lower horizontal arrow is an isomorphism according to lemma 16.41 To 
check commutativity of this diagram recall that we have a natural i?(G)-module 
structure on the iiT-groups K{S k,. B) for any B, where R(G) = KK^ {C,C) is the 
representation ring of G. A generator of the i?(G)-module Kq{S®V) is represented 
by the projection 0) where Pe S iSandp^e] G Cc{G/Gq) are the projections 
corresponding to the trivial corepresentation and i : Go(G/Go) © Go(G/Gi) -> 
Io®Ii ^ V is the canonical morphism. Since p^^j is invariant under the conjugation 
action of Gc{G) one finds that p^ x i{p[e],0) is a generator of the i?(G)-module 
Ko{S tKrP). Under S D this element is mapped to p^ e ^o('S') = ^^'o(5' Xr C). 
Since all the maps in the above diagram are i?(G)-linear this finishes the proof. □ 
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We shall now show that the 7T-strong Baum-Connes property is inherited by free 
products, compare ^U\, ^5] . 

Theorem 6.6. Let Go and Gi be discrete quantum groups satisfying the TT-strong 
Baum-Connes property and let G = Gq * Gi be their free product. Then G satisfies 
the Tl-strong Baum-Connes property as well. 

Proof. Let A g KK'-^ be an arbitrary G-algebra. Using theorem 3.6 in [19] we see 
that the braided tensor product P Kl ^4 is an extension of G-C*-algebras induced 
from Gq,Gi and the trivial quantum subgroup. Therefore the Tl-strong Baum- 
Connes property for Gq and Gi implies that Ais contained in {TTg)- 
It remains to prove that DMA e K K'~^ {PMA, A) is an isomorphism. Due to theorem 
[531 it is enough to show that the map KK^{V M A,V M A) KK^{V M A, A) 
induced by D Kl A is an isomorphism. 
By construction of V we have an extension 

^ /o S A © /i K A ^ VMA ^ EG(Ai ,Gq{G))MA ^ 

of G-G*-algebras with equivariant completely positive splitting. Using the six-term 
exact sequence in KK-iYieoiy and proposition 16.21 we may thus reduce the problem 
to showing that the maps KK^^ {B, VMA)-^ KK^^ (B, A) and KK{B, VMA) ^ 
KK{B,A) are isomorphisms for all B in KK^^ and KK^ respectively. Since Gj 
satisfies the Tl-strong Baum-Connes property, every B e KK'^^ is contained in 
{TIg,)- Hence it is in fact enough to show that KK{B,VM A) KK{B,A) is 
an isomorphism for all B e KK, or equivalently that DM A & KK{'P M A, A) is 
invertible. However, this follows from lemma 16.51 and the functorial properties of 
the braided tensor product, compare [12]. □ 

Lemma 6.7. Let G be a discrete quantum group satisfying the TX-strong Baum- 
Connes property. If H G G is a divisible quantum subgroup, then H satisfies the 
TI -strong Baum-Connes property as well. 

Proof. Let A e KK^ be given. Since G satisfies the Tl-strong Baum-Connes 
property we have ind^(A) G {Tie) in KK'^. The category TIq is generated 
by G-G* -algebras of the form Go(G) B ion B S KK with coaction given by 
the comultiplication of Go(G). Since by assumption H C G is divisible we have 
Go{G) = Co{H)(S)GoiH\G) as i7-G*-algebras. This implies resg((rXG)) C (TIh) 
and in particular res^ind^(^) g (TIh) in KK^. Using the explicit descrip- 
tion of induced G*-algcbras in section [3] we see that the iJ-G*-algebra ^ is a 
retract of res^ind^(^). That is, there are morphisms A res^ind^(A) and 
res^ind^(A) — > A which compose to the identity on A. Since (TIh) is closed 
under retracts this shows A G {TIh) and yields the claim. □ 
We are now ready to prove the main results of this paper. 

Theorem 6.8. Let n > 1 and Q G GL„(C). Then the free unitary quantum group 
¥U{Q) satisfies the TX-strong Baum-Connes property. 

Proof. We consider first the case Q G GL2{C), and without loss of generality we 
may assume that Q is positive. Then Q can be written in the form 

for some positive real number r and q G (0, 1], and ¥U{Q) is isomorphic to FU{P) 
where 

P-f '^''"] 
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satisfies PP = — 1. We remark that the free orthogonal quantum group ¥0{P) is 
isomorphic to tlie dual of SUq{2). 

It is well-known that Z satisfies the Tl-strong Baum-Connes property [TT], and 
according to [30j the same is true for ¥0{P). Hence due to proposition 14. 31 the free 
product ¥0{P) * Z satisfies the Tl-strong Baum-Connes property as well. Using 
proposition 231 and proposition IG . 71 we conclude that ¥U{P) satisfies the Tl-strong 
Baum-Connes property. This yields the assertion for Q e GL2{C). 
Now let Q e GL„(C) be arbitrary. According to corollary 6.3 in [7] the dual 
of ¥U{Q) is monoidally equivalent to the dual of ¥U{R) for a suitable matrix 
R € GL2 (C) . Hence the claim follows from the invariance of the 7~T-strong Baum- 
Connes property under monoidal equivalence, see theorem 8.6 in 30J. □ 
Combining this with theorem 16.61 and the results in |30) we obtain the following 
theorem. 

Theorem 6.9. Let G be a free quantum group of the form 

G = ¥U(Pi) *■■■* ¥U{Pk) * FO(Qi) * ■ ■ • * ¥0{Qi) 

for matrices Pj G GL^. (C) with > 1 for all i and matrices Qj € GLn- (C) with 
Uj > 2 such that QjQj = ±1 for all j. Then G satisfies the Tl-strong Baum- 
Connes property. 

7. X-THEORY FOR FREE QUANTUM GROUPS 

In this section we discuss the main applications of our results. We shall establish 
an analogue of the Pimsner-Voiculescu exact sequence for free quantum groups 
and compute their ii'-theory. In addition we discuss some consequences concerning 
idempotents in reduced C*-algebras of free quantum groups and the 7-element 
described in [29] . 

Let G be a discrete quantum group and A a G-G*-algebra. For s E Irr(G) we define 
s* G KK{A, A) as the composition 

A^-^ C{G)-(E)A^^A 

where the first arrow is obtained by composing the coaction a : A ^ A/(Go(G) ® A) 
with the projection onto the matrix block corresponding to s inside Go(G). The 
second arrow is induced by the Morita equivalence G(G)s = L(Hs) ~m C In this 
way we obtain a ring homomorphism R{G) — ?> KK{A,A), where we recall that 
R{G) = KK'~^{C, C) denotes the representation ring of the dual compact quantum 
group G. In particular, the representation ring acts on the X-theory of A, and this 
action agrees in fact with the action defined in section El 

Using this notation we shall now formulate the Pimsner-Voiculescu exact sequence 
for free quantum groups. 

Theorem 7.1. Let G be a free quantum group of the form 

G ^ ¥U{Pi) * • • • * FC/(Pfe) * FO(Qi) * ■ • • * ¥0{Qi) 

for matrices Pj G GL^. (C) with rui > 1 for all i and matrices Qj G GLn^ (C) with 

Uj > 2 such that QjQj = ±1 for all j . 

Then G is K-amenable, and therefore the natural map 



K,[G \x.iA)^K,{G K,A) 
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is an isomorphism for every G-C* -algebra A. Moreover there is an exact sequence 
e -if Ko{A) Ko{A) ifo(G Xf A) 



K,{GKf A) K,{A) e^'^f Ki{A) 

for the K -theory of the crossed product. Here a is the map 

k I 

a = ^{{ui)^ - rui) © ((ui), - rui) © ^{vj)* - Uj 

i=l 3=1 

where we write Ui and Vj for the fundamental corepresentations of ¥U{Pi) and 
¥0{Qj), respectively. In addition i : A — > G Kf A denotes the canonical inclusion. 

Proof. Since full and reduced crossed products agree for trivially induced actions, 
theorem 16 . 91 implies that Gk^A — >■ G^rA induces an isomorphism in KK for every 
G-C*-algebra A, compare [SO]- This means that G is if-amenable. 
Consider the homological ideal 2 in KK^ given by the kernel of the restriction 
functor res^ : KK^ — > KK. We shall now construct a ^-projective resolution of 
length 1 for every G-G*-algebra A. 

Note first that the representation ring R{G) = KK'^{C,C) can be identified with 
the free algebra Z(mi, ITT, . . . , Uk,Uk, vi, . . . ,vi) generated by the fundamental corep- 
resentations Ui of¥U{Pi), their conjugates, and the fundamental corepresentations 
Vj of ¥0{Qj). We may also view R{G) as the tensor algebra TV over 

k I 

V = 0(Zw, ® Zu,) © Zvj . 
i=i j=i 

Note that for B = Go(G) the i?(G)-module structure on K{B) = i?(G) is given by 
multiplication, and for B — C this module structure is induced from the homomor- 
phism e : TV — )■ Z given by e{ui) — mi — e{u) and e{vj) = Uj. 
For r e Irr(G) we define an element G KK°'^'^\Cq{G),Co{G)) by 

Go(G) Go(G) ® C{G)r -^-^ Go(G) 

where the first arrow is given by composition of the comultiplication of Go (G) with 
the projection onto the matrix block G{G)r = K{'Hr) corresponding to r. The 
second morphism is given by the canonical D(G)-equivariant Morita equivalence 
between Go(G) ® K(Hr) = K(Go(G) (g) "H^) and Go(G). It is straightforward to 
check that the induced map Tr : Ko{Go{G)) — > Ko{Co{G)) identifies with right 
multiplication with r under the identification _ft'o(Go(G)) = R{G). 
Let us consider the diagram 

^ Pi Pa -^-^ C ^ 

in KK^'-'^^ where 

2fc+i 

Pi = Co(G), Po = Go(G) 

and the morphisms are defined as follows. The arrow A : Go(G) — > — C is given 
by the regular representation. Moreover 

k I 

^ = 0(^«= - id) © {TjT- - m, id) © 0(T„^. - id) 

1=1 j=i 
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where Tr for r G Irr(G) are the morphisms defined above. 

By applying iiT-theory to the above diagram we obtain the sequence of TF-modules 

^ TV^V TV TL ^ 

where e is the augmentation homomorphism from above, and d is given by 

d(\ ® Ui) — Ui — rrii, d{\ ® ul) — Ui — rrii, d{l (E) Vj) — Vj — rij 

on the canonical TT^-basis oiTVi^V. It is easy to write down a Z- linear contracting 
homotopy for this complex. Moreover this homotopy can be lifted to KK^ where 
S — C*{G) since the conjugation coaction is diagonal with respect to the canonical 
direct sum decomposition of Co(G), and each matrix block C{G)r for r e Irr(G') is 
S'-equivariantly Morita equivalent to C. 

Now let A be a G-C*-algebra. Then taking braided tensor products yields a se- 
quence 

^ Pi MA PoMA £MA ^ 

in KK'^ which is split exact in KK. Taking into account that Co(G) M A = 
Co(G) (8) ^ is ^-projective and CM A = A, we conclude that the above sequence 
defines a ^-projective resolution of A. We have thus shown that every object of 
KK'^ has a projective resolution of length 1. Moreover KK'^{A,B) = for every 
A G KK'^ and all -3-contractible objects B. Indeed, this relation holds for A G TI 
due to proposition 16.21 and hence for all objects in KK'^ = {'T1) according to 
theorem 16.91 

Consider the homological functor F defined on KK'^ with values in abelian groups 
given by F{A) = K{G Kf v4). According to theorem 4.4 in [17] we obtain a short 
exact sequence 

^LoF,(A) ^K^(G Kf A) ^UF*-i{A) ^0 

for all n. Moreover we have 

LoF,(yl) ^ coker(i^,(5) ; K^{A) K^(A)) 
LiF^A) = ker(F,(5) : K^{A) K^{A)). 

It is easy to check that i^, ((5) identifies with the map a. We can thus splice the 
above short exact sequences together to obtain the desired six-term exact sequence. 
Finally, it is straightforward to identify the map K^:{A) — > K^,{G iXf A) in this 
sequence with the map induced by the inclusion. □ 
Using theorem 17.11 we may compute the if-groups of free quantum groups. Let us 
first explicitly state the result in the unitary case. 

Theorem 7.2. Let n > 1 and Q G GL„(C). Then the natural homomorphism 
G^(¥U{Q)) — ?• G*{¥U{Q)) induces an isomorphism in K -theory and 

Kn{G;{¥U{Q))) = Z, Ki{C^ {¥U{Q))) = Z © Z. 

These groups are generated by the class of 1 in the even case and the classes of u 
and u in the odd case. 

Proof. Let us abbreviate G — ¥U{Q). According to theorem 17.11 the natural map 
K^{Cf{G)) — !• K^.{G*{G)) is an isomorphism. To compute these groups we consider 
the projective resolution constructed in the proof of theorem l7.1l The resulting long 
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exact sequence in /sT-theory takes the form 

Z ^KoiC^iG)) ^0 



■0 



which yields 

Ko{Cf*iG)) = Z, Ki{Q{G)) = Z © Z. 
Indeed, the Hopf-C*-algebra Cf{G) has a counit, and therefore the upper left hor- 
izontal map in the above diagram is an isomorphism. We conclude in particular 
that the even iiT-group Ko{Cf{G)) is generated by the class of 1. 
It remains to determine the generators of Ki{Cf{G)) = Ki{Cf{¥U{Q))). As- 
sume first QQ = ±1 and consider the automorphism r of Cf{G) determined by 
t{u) = QuQ~^. Note that 

t{QuQ-^) = Qt{u)Q-^ = QQuQ'^Q-^ = u 

so that T is a well-defined *-homomorphism such that = id. Moreover r is com- 
patible with the comultiplication. 

Using T we obtain for any G'-C*-algcbra A a new G'-C*-algebra by consider- 
ing A = with the coaction a'^{x) = (f id)Q!(x), where f is the automor- 
phism of Co(G) dual to r. This automorphism can be viewed as an equivariant 
*-homomorphism f : Co(G) — ^ Go{Gy . On the level of iiT-theory we obtain a 
commutative diagram 



0- 



■ifi(c;(G)) 



ZffiZ- 



■ z- 



0- 



■K,iC*{G)) 



■z® z- 



■ z- 



^o(g;(g)) 



■MC*iG)) 



■0 



■0 



where a{k,l) = {l,k) is the flip map. It follows in particular that the elements in 
Z ® Z corresponding to u and u are obtained from each other by applying a, that 
is, 

[u\ = {p,q), [u] = {q,p) 

for some p,q G Z. 

Note that Gf*(FC/(Q)) = C^-{¥U{\Q\)) where \Q\ = {Q*QY/'^ is the absolute value of 
Q. Using this identification wc obtain a *-homomorphism p : Cf{¥U{Q)) — > Gf*(Z) 
by choosing a suitable corner of the generating matrix. More precisely, if u is the 
generating matrix of Cf{¥U{\Q\)) then we may set p{uii) = z and p{uij) = Sij 
else. On the level of Ki the map p sends [v] to 1 e Z = Ki{Cf (Z)) and [v] to — 1. 
Under the canonical projection Cf {¥U{Q)) Cf {¥0{Q)) the classes [u] and \u] 
are both mapped to 1 e Z = Ki{C^{¥0{Q))). 

Consider the *-homomorphism p © tt : C^{¥U{Q)) Gf*(Z) © Gf*(FO(0)). The 
map induced by p © tt on the level of Ki may be written as a matrix 



d 



G M2(Z). 



U = 



-1 



If we set 
then our above argument shows 

AU = M. 

In particular det(f7) = — = {p + q){p — q) divides 2 = det(M). We conclude 
that det(f/) = ±1 or det{U) = ±2. The latter is impossible since either p + q and 
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p — q are both divisible by two, or none of the factors is. Hence det{U) = ±1, 
and this imphes that u and u generate Ki{Cf {¥U{Q)). This yields the claim for Q 
satisfying QQ = ±1, and hence our assertion holds for all quantum groups ¥U{Q) 
with Q e GL2{C). 

Now let Q G GL„(C) be an arbitrary matrix. Without loss of generality we 
may assume that Q is positive. Then we find P G G'L2n(C) satisfying PP G K 
such that Q is contained as a matrix block inside P, and an associated surjec- 
tive *-homomorphism a : Cf{P) Cf{Q). Similarly we find a *-homomorphism 
/3 : C;(FC/((5)) C;(Ff/(i?)) where R G M2(C) is a matrix block contained in Q. 
By our above resuUs we know that Ki{C'^{¥U{P)) and Ki{C^ {¥U{R))) are gener- 
ated by the fundamental unitaries and their conjugates. Moreover, on the level of 
Ki these generators are preserved under the composition /3*q;*. Hence I3^a^ — id, 
and we conclude that both a* and /3* are invertible. It follows that Ki{Cf{Q)) is 
generated by the fundamental unitary and its conjugate as well. □ 
Combining theorem 17.21 with the results in [30] yields the following theorem. 

Theorem 7.3. Let G be a free quantum group of the form 

G = ¥U{Pi) ¥U{Pk) * ¥0{Qi) ¥0{Qi) 

for matrices Pi G GL^m (C) with > 1 for all i and Qj G GLn- (C) with nj > 2 
for all j such that QjQj = ±1. 

Then the K -theory K^{C^{G)) = K4C;{G)) of G is given by 

Kq{C;{G)) = Z, Ki{C^{G)) = I?''®!}, 

and these groups are generated by the class of 1 in the even case and the canonical 
unitaries in the odd case. 

Proof. We may either proceed as in theorem 17.21 or apply the if-theory exact 
sequence for free products, using induction on the number of factors in G. The case 
of a single factor is treated in theorem 17.21 and [5D] , respectively. For the induction 
step we observe 

Ko{CnH)*CnK)) = {K,{C;{H))®K,{CnK))/{{[l],-m 

and 

for arbitrary discrete quantum groups H and K, see [9]. The claim on the generators 
follows from these identifications and the above mentioned results. □ 
We shall write ¥U{n) = FJ7(1„) and ¥0(n) = FO(l„) if 1„ G GL„(C) is the 
identity matrix. As a consequence of theorem 17.31 we obtain the following result 
concerning idempotents in the reduced group C*-algebras of free quantum groups. 
The proof is the same as in the classical case of free groups, see also [30] . 

Corollary 7.4. Let G be a free quantum group of the form 

G = ¥U{mi) ¥U{mk) * ¥0{ni) ¥0{ni) 

for some integers mi,nj with nj > 2 for all j. Then G*{G) does not contain 
nontrivial idempotents. 

In [29] an analogue of the Julg-Valette element for free quantum groups is con- 
structed. Our results imply that this element is honiotopic to the identity, see the 
argument in [301 . 

Corollary 7.5. Let G be a free quantum group of the form 

G = ¥U{Pi) * • • • * ¥U{Pk) * FO(Qi) * • ■ • * ¥0{Qi) 
for matrices Pi G GL^^ (C) and Qj G GLn. (C) with Uj > 2 for all j such that 
QjQj — ±1. Then the Julg-Valette element for G is equal to 1 in KK'~^{C,C). 
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